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PREFACE. 


Tue object of this work is to explain, illustrate, and apply 
the fundamental principles of the Calculus, in such a manner 
as to bring them within the comprehension of a student, 
having merely a knowledge of ordinary Algebra and Trigo- 
nometry, and to enable him to undertake the perusal of such 
valuable practical works as “ Moseley’s Principles of Eu- 
gineering,” ‘ Navier’s L’Application de la Mécanique,” 
“ Whewell’s Mechanics,” *“‘Hann’s Treatise on the Steam 
“ugine,” &e. 

To a person merely acquainted with ordinary algebra, tLe 
Calculus must, at first, appear mysterious and metaphysical ; 
for he has to view abstract quantities, not only in an iso- 
lated form, but as admitting of continuous changes, and of 
taking certain finite ratios as they approach zero or infinity. 
The principle involved in a limiting ratio must, however, be 
eventually understood by every student who wishes to make 
a satisfactory progress in this branch of analysis. I have 
adopted the method of limits almost exclusively in this work, 
because it appears to be the most natural and consistent 
foundation of the Calculus; and with the view to simplit'y 
this method as much as possible, I have fully explained and 
applied it in the preliminary portion of this treatise, apart 
from the conventional and abstract notation by which the 
condition of a limit is usually expressed. 

It is highly desirable that Teachers and Practical Men 
should possess some knowledge of this most important branch 
of pure mathematics, in order to enable them to understand 
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our best works on mechanical and experimental philosophy, 
The great physical laws, by which it has pleased the Almighty 
to govern the universe, must always form a lofty subject of 
contemplation to his intelligent creatures; but these laws 
can only be duly interpreted by the aid of the symbolic 
language of the higher analysis. 

As a complete knowledge of a great subject, like this, 
cannot be obtained from the perusal of one book, those who 
aspire to a further acquaintance with the higher parts of the 
Calculus must study the works of De Morgan*, Moigno, 
O’Brien, Hymers, Gregory, Price}, Hall, Moscleyt, and 
Young. 

T. TATE. 
Battersea, Feb. 1849. 


* «“ De Morgan’s Calculus” is the largest work on the subject in our 
language, 
t{ On the method 6f Infinitesimals. 
et On Definite Integrals, published in the “ Encyclopedia Mvctropo- 
liteta.” 
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THE 


DIFFERENTIAL AND INTEGRAL 
CALCULUS. 


INTRODUCTORY PRINCIPLES, &c. 


1. THE quantities used in the following work are of two 
kinds, constant and vartable. 

A constant quantity always preserves the same value 
throughout an investigation, whereas a variable quantity 
in general admits of taking any value we may please to give 
it. Constants are expressed by the first letters of the 
alpliabet, and variables by the last letters: thus, in the ex- 
pression a + bz’, the letters a and 6 are constant quantities, 
and x is the variable. 

2. When a quantity changes gradually, or passes from 
one value to another, by going through all the intermediate 
values, we say that it varies continuously ; and, on the con- 
trary, if the quantity changes abruptly in going from one 
value to another, we say that it varies discontinuously. If 
a body move in a curve, its distance from a fixed point will 
vary continuously; but if, on the contrary, the body should, 
as it were, leap from one point of the curve to another, its 
distance from the fixed point will vary discontinuously. 
All quantities are supposed to vary continuously in the 
differential calculus. 

3. When a variable and constants are in any way com- 
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bined in an expression, that expression is said to be a 
function of the variable; thus Va+bzr+ca2*, (a+bzr)", a’, 
sin. (a@+2), are all functions of z Functions are expressed 
by placing the symbols f, ¥, &c. before the variable. Thus, 
if y=a+bx—czx’, we say that y is a function of x, and we 
should express this relation generally by writing y=/f(2). 
The letters f{ ¥, used as the symbols of a function, denote 
the way in which the variable is combined with the con- 
stants which enter the expression. It is important to 
observe that f(z) denotes an expression cifferent froin F(2) ; 
and, moreover, in the functions f(x) and f(y+h), we are to 
understand that, whatever may be the form of the first ex- 
pression with respect to 2, the second will have thc same 
form with respect to y+h. 


THE BINOMIAL THEOREM. 


4. This theorem enables us to raise a binomial to any 
power, without going through the process of multiplication. 
The following is the simplest form of this theorem : — 

ny,” ,7 pital 1) 2 oe (n—1) (n—2) 

It will be afterwards shown that all other cases may be 
reduced to this form. : 

For the sake of conciseness, putting A,, Ag, &c., for the 
coefficientsof x, 2”, &u., we have 


(l+ar)"=1+A,r+Aqr?+ 2. .+AW,~. 
where the coefficient of the gencral term is 
n(n—1)...(n—r+ 1) 
a 1.2.3....7 


&. To prove the binomial theorem when the index is a 
positive integer. 


ce 


THE BINOMIAL THEOREM. 


By multxplication we know, that 


(1+2%)?=1+422+ 2?, 
(l+2)§=14+327+432? +25, 


where it will be seen that the coefficients are formed ac- 
cording to the law in the preceding development. 

We shall now show that if the /aw for the coefficients be 
assumed to be true for any one power of 1+ 2, it will also be 
truc for the next higher power, that is, if it be true for 
(1+2)""), it will also be true for (1+<a)". 

Let us suppose that (1 +2)"-'=1+a,xr+a,27+&c. ..(1), 
where @,, a,, &c. have the same form in reference to n—1, 
that A,, Ao, &c. have to z, that is, 


(n—1) (n—2) & 


eee eee eee 


1.2 





a,=n—l,a,= 


©) 


Multiplying both sides of eq. (1) by 142, we find 


(L+a)y"=14+(1+a,)e +(a,+4,)a? + (a94+4,)23 4+ &e., 
where the coefficient of 2” will obviously be ¢,_, +a.. 


But italia tank, 
me n—2 n—2 
aytag= pei s ae y=(n—){ 14"5 \ 








_ a(n—1) : 
— ~~ ie a wom £ 99 


and so on. Generally the coefficient of 2’, or a,_,+4¢, 


_(m—1)(n—2).. -@rtl) (w—1)(m—2)...(n—1) 











1.2.3. aCe. ae De. Sec 
_ 1Ym=) =» -(r—r+)) ee 
| re eure. 1 a j 
diene ~-e(n—r+1) 
saa a 


ee e! +-2)*=1+4a,r+A,27+ eee +A 2D" + &c. 


Hence it appears that if this formula be true for any one 
B 2 
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power, it is also true for the next higher power; but we 
know that it is true for the 2nd and 3rd powers, therefore it 
is true for the 4th power, and therefore for the 5th power, 
and soon by continued inductions we conclude that it is 
true for the mth power. 


6. To prove the binomial theorem, when the index ts frac- 
tional or negative. 


Multiplying together the developments of (1+2)" and 
(1+2)”, established in the preceding article, we have, 


(1+2)" x(1+ar—(1tayim= {147 2 nin S22 + &e. | 


x { 1 +n 1) 24 &e, . 





aA +5 Steve xno at + Se.) 


4 


24 Gt mnt m— Nae + Bo, ia DY: 


Now although 2 and m were, in the development of 
(1+2)* &c., restricted to integer values, yet it is evident 
that the expression for the above product, if true at all, 
must be true for any values that may be given to z and m. 
This result might be verified by actwal multiplication, but 
the operation is tedious. 


Let fn)=147 2+ Meo —, 





xu? +&c.... (2), 
whatever may be the value of x ; then 
f(m)=14 Fey MD + &e,, 


m+m +Gtm) (atm), 
1 


and f(2 +m) =1+4—_— —2? +, &e. 


THE BINOMIAL THEOREM. & 
Hence by eq. (1) we have, 
S(n) xf(m)=f(n+m), 


whatever may be the values of m and m. In like manner, 
S(n) x fm) xf(p)=f(nt+m) xf(p)=f(n+m+P, 
and so on to any number of factors; thus it appears that the 
product of any number of series, such as that expressed by 


J(), will produce another series having the same form. 
Hence we have, 


ff (2) =F (2) f (2) xte to m factors 
=f (F +7 4 &e. to m terms ) 


S(m)s 
but when 7 is a plus integer f(m)=(1+2)"; 


{ff &) Peaatey:  f G)=a+e)% 


taking the mth root of both sides of the equality. 

Hence the series symbolised by f(”) is the development 
of (1+<2)", when z is a positive integer or fraction. 

Let us now consider the case f( —7), where z may be in- 


tegral or fractional. 
S(2) xf(—2)=f(n—2)=f(0)=1, 


(because the series (2) becomes unity when 2=0), 
1 1 
. S(- "= Fa) tay +2x)-". 


Hence the series symbolised by f(m) is the development 
of (1+2)", when x is nefative and any integral or fractional 
number. 

Generally, therefore, whatever be the value of the index 
n, we always have, 





—] 
(1 fay af(n)al ete > dary. &e. 
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Lastly, because 
ake=a(1 =e 
fh 


oe (at2ysa(1t®) =arf 1472 ee ke } 


a? 
—1 

=a"+ {en's oe ie » 9 Van tg? 4 &e. 

which is the most general form of the binomial theorem 


where 


n(n—1)... (nm—r+1) ae 


the (r+1)th term = j ae ee 





INDETERMINATE COEFFICIENTS. 


7. If the equality a+ lr=Aa+bz be true for every valu 
of x; then a=a, and J=n. 
« For as the equation holds true for any value that may b 
given to x, let z=n, 
2. a+bn=a+bBn; 


subtracting this from the proposed equality, 
b(x—n)=B(a—2n); 
.. O=B, and .. a=A. 


The equation a+ br=a-+hz, differs essentially from ord’ 
nary equations whcre x admits of being determined in terir 
of the constants; whereas in the equation here considered ; 
admitting of all values, is an indeterminate quantity ; thr. 
we find x= — but since a=a and 6=R, we have =e 
a result which, in the present case, is the symbol of an inde 
terminate quantity. 

In general, if a+bx+cz?+ &.=a+nxr+cC277?+ &e., kt 
true for every value of x; then a=a, b=s, c=c, &c., the 
is, the coefficients of the like powers of z are equal. 
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As anyvalue may be put for a, let r=0; then a=a; 
taking @ and a from the original eq., we have, 


bx+cz?+ &.=Br+czr?+ &e.; 


here x may take any value we please, hence we may now 
consider it as some definite number; therefore dividing each 
side of the equality by 2, we have, 


6b+cxr+ &e.=B+Ccr4+ &e.; 


here again as any value may be put for z, let r=0; then 
b=8. Proceeding in this way, we find, e=c, d=p, and so 
on. 


i 2 
Ex. 1. Required three terms of the quotient of ii 


1—2zr 

as EE 

where the coefficients A, B, C, &c., remain to be determined. 
Multiplying each side of the equality by 1+ 42, we have, 


=aA+Br+cxz?+ &e.; 


1—27—-a+Br+cr?+ &e. 
+4ar4+ 4n27?+ &e. 
=A+(4A+B)x+(4B+C)x?+ &e. 


therefore equating the coefficients of the like powers of z, 


A=1; 4A+B>=-—2, .. B= —2—4A=>=—6;3 
4p+c=0, .. c= —4B=2+4; and so on. 
_ ier . 2 ; 
1 ; i ss a 
7 » eS ee ee « ° a \ 
Ex. 2. Resolve (etl) (@+3)(@ +3) into its partial frac 
tions. 
1 A B Cc 
rn I a iS + ——- ————= § 
me (w@+1)(z+2)(a+3) r+1 2 at 5463 
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‘where the coefficients A, B, and C remain to be determined : 
multiplying both sides of this eq. by (z +1) (x+2)(7+3), 
]=aA(x+2) (7+3)4+3B(e4+1)(74+3)4C(e +1) (4742). 
Since any value may be put for z, let z= —1, 
then ] =a(—1+4+2)(—143), .. A=3; 
let z= —2, then 1=3n(—2+1)(—2+3), .. B=—1; 
let z= —3, then lL=c(—3+1) (—3+2), .. C=}. 
Bea nce a ol i 
"°'(a@+1)(@4+2) (443) QWaet+l) 242 2(a+3). 
A+Bz 


Ex. 3. Resolve ——— a Gar (ibe) ba) 


into its partial fractions. 


A+ Bz P Q 


tet any (ibe) lan 14 be? 


multiplying both sides of this eq. by (1 + az) (14+ bz), 
A+Br=P(1 4 br7)+Q(1+ az). 


Since any value may be put for z, let z= _*, s0 as to make 
B b 
1+az=0, then a—F=P(1 —*), 
a a 


. Aa—B 
nacre NE 


let 2=—5, so as to make 1+4x=0, then a—5=e(1-§). 





A+Bzr Aa—B Ab—B 
* (+a + ax) (1+6z) +b) (a—b) (1+ar) ~ (a—b) (1 +62)’ 


&. To expand a%, or to prove the truth of the exponential 
theorem. ‘ 
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a*= {1+{a—1)}* (expanding by the binomial) 


=142(a—1)+ Tea ~1 ERD EW PD) (a1 +8 


= + Qxr 





=1 +a(a—1) +2 =— (a—1)3+ &e. 


—F(a~1)+ 
=1+ {(a—1) be L+Aox? + &e. 
=1+4+ar+A,2?+A,2°+ &c.; 
where Aa=(a—1)—}(a—1)?+34(a—1)3— &e, 
and A,, Az, &c. also depend upon powers of a—]. 


We are therefore at liberty to assume that 
a*=14+ar+A_,z72+4,273+&c. . . . (1) 
and putting 2x for z, we have, 
a%®=)]+42axr+ 44,7? + 8a,03+ &e. . . . (2) 


But by actually squaring both sides of eq.(1), we have, , 
a™=1+2ax+(a?+ 2a, )z?+ (243,4+2AA0) a+ &e... . (3); 


Hence equating the coefficients of the like powers of x in 
eq. (2) and (3), we have, 


A2 


4ao=A?+2Ag, .” Ar=o5 5 





84,==245,+2AAyq, 2°. GA,=2AA,=A%, .°, A3=5 3° 


and so on to the other coefficients. 


r 


Az, A’z? — a3zx3 a‘z i 
~ @=lt+rt+iety ea gtypegat& | 


Cor. 1 If e be put for that value of a which makes a=1, 
then 


2 3 : 
ealtetistpagt he iy Es 


BS 
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In order to find the numerical value of e, let x=1, then 


e=1+1 +779 petro 7 3 t &e. = 2°71828, &c. 

It is important to observe that e or 2°71828, &c. is taken 
for the base of what is called the Napierian or hyperbolic 
logarithms. 

Throughout this work the logarithms of any number z to 
the bases @ and e, are thus expressed, log,”, and log,n. 
Hence log,a=1, because the exponent of the base @ to pro- 
duce the number a must be unity, or a=a!. 


; 1 
9. In the general equation for a* let u= =, OF Ar=1, then 


a3 
a*=1 Meo ati-s-3 &c. =2°71828, &c.=e. 


1 
Sata hs we Ge. 


taking the logarithms of each side of these two equations, 
viz., of the first when @ is the base, and of the second when e 
is the base, 


log.e=—, and log.a=a... (1) 
by multiplication, 


] 
log,e x log,a=1, .*. ai Saas Fe tet. G2) 


From eq. (1) we have, 
log,a=a=(a—1)—}(a—1)?+3(a—1)8—&e. . . . (3). 


10. To find the sum of the series 124274324 ... +72. 

Let s, be put for the sum of the proposed series, and s, 
for the sum of the arithmetical series 1+2+ .. +7, then 
in the expansion, 


(z—1)?=23— 3x94 3x—1, 


EQUATIONS TO CURVES. 1] 


take z sutcessively equal to 1, 2,3, . .. m, add the result- 
ing equations, and cancel the common terms, and we shall 
have, 


O =1°—3.17+3.1-—1 
13) =23—3°*. 27+3.2-—1 
230 =33—3 .37+3.3-—1 


(n—1Y¥=n?—3 : ne 43 n—l 
0 =ni—3 So + 3.8,;—7” 


ns n n> nn 
oe 8=— +8) — gat (4 +1)5 3 


EQUATIONS TO CURVES, 


11. We now proceed to treat of the equations to tke 
straight line, the circle, and those other curves which are 
of the greatest practical importance. 

The position of a point is deter- 
mined when its distance from two 
given straight lines is known. Thus, 
let ox, and Oy be two straight lines, 
perpendicular to each other, then 
the position of a point P will be 
known, when the perpendicular dis- 
tances PN and PM, from the given 
lines Oz, and oy are known. The lines oz and oy are called 
axes, and ON (=MP) and PN, the ordinates of the point Pp. 
The perpendicular PN is cailed the ordinate, and its length 
is expressed by ¥; ON is called the abscissa, and its length 
is expressed by x; PN and ON taken together, are called the 
coordinates of Pp; and the roint 0, the origin of coordinates. 

Ez. If on=4, and pn=3, then to find the point P; from 

2 6 
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a scale of equal parts take on=4; draw NP perpendicular 
to oz, and from the same scale of equal parts, take NP=3; 
and FP will be the point required. 

12. If on=a, and Nnp=8, then a=a, and y=, are the 
equations to the point P. 

x=—a, and y=), are equations of a point P,, situated in 
the angle yoz,. 


x= —a, and y=—6, are equations of a point P, situated 
in the angle y, 02). 
x= +a, and y=—J, are equations of a point P, situated 


in the angle y,oz. See the Principles of Geometry and 
Mensuration, p. 94. 

13. If in the curve PQR, the relation of 
the ordinates to their corresponding ab- 
scissa be expressed by an equation, the 
‘curve itself may be drawn by finding 
different points in it. Thus, let y=2? — 
bx+3 be the equation of the curve, or 
the equation expressing the relation be- 
tween any ordinate and its corresponding abscissa: then 
taking 2 or ON=], we have y or Np=1?—3 x 143=1, hence 
the point p is determined. Taking «+ or om=2, we have y 
or MQ=2?-3x24+38=1, hence the point Q is determined. 
Taking x or 0s=8, we have y or sr=3?—3x34+3=3, 
hence the point R is determined. And so on to any number 
of points. 

In general the ordinate of a curve is always some function 
of its abscissa, hence the equation of a curve is generally 
expressed by the equation y=f(z). We propose to deter- 
mine the peculiar form of this equation for various curves 
having some given property or mode of generation. 





EQUATION TO THE STRAIGHT LINE. 13 


The Equation to the straight Line. 


14. Let cP be the straight 
line, and oz and oy the axes. 
Put ON=2, NP=y, OB=8, 
and tan / c=a; then draw- 
ing Bn parallel to oz, we 
have 





Pn 
Bn aD CP BnStanl C=a4. 


But Pn-=PN—BO=y—86, and Bn=ON=z2, 


y—b 


ea Se 
— 


H 


. y=arth. 


Since P is any point in the straight line cp, the relation 
of x and y, expressed in this equation, also contains the 
relation of the co-ordinates of every point in CP; hence the 
above expression is called the equation of the straight line. 

Cor. 1. If the line be drawn through the origin o, then 
os or b=0, and .°. y=az; 


this is the eq. of a line drawn through the origin. 


15. Given, the equation to a straight line to construct it. 


For example, let y=ar—6b, be 
the equation. 

When zx=0, theny=a x0—b=—8, 
that is, when the abscissa is 0, the 
ordinate oB is —b. Or the line cuts 
the axis of y below the origin. 

When y=0, then ax—b=0, and 





6 
<= -==OP. 
a 
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16. The equation to a straight line drawn through a give. 
point. 

Let y=azx+b be the equation to the line, and y, and x, the 
co-ordinates to the given point; then, as y, and x, are co- 
ordinates of a point in the straight line, we must have, 

y,=ax, +6 
and y=ar+b 
“. Y-y,=Ue—2,). 

17. To find the equation to a straight line which passe. 
through two given points. 

Let y=azx+6 be the equation to the line, where a and ¢ 
are to be eliminated by means of the given co-ordinates 
x,and y, of the one point, and x, and y,, of the other. 


*. ¥,=axr,4+6...(1) 
and y,,=az,,+6... (2) 
oe Y,—Y,=Ur,—2x,,) 5 


. ¥,—3 
. a= Yu 


z, ~ xy, 


Since y=ar+b 


and y,=azr,+b; 
y,—Y,, 
ee ee ee 


by substituting the value of a. 


Equation to the Circle. 


is. Let op=a, pc=f, be the co- 
ordinates of the centre c; and ON=a2, 
and Np=y, the co-ordinates of the point 
Pp in the circumference ; 
then Pn?+cn?=cpr? or 7’; 
but Prn=NP—DC=y—B, 
and Cn=0D—ON=a2—2Z3 


. (y—B)? +(a—2)*=7?, 





EQUATION TO THE PARABOLA. 15 


Cor. 1. If the centre c be on the axis oz, and the cir- 
cumference be on the origin 0, then pc or §=0, and op or 


— 


a=; ‘ikihacdiuah ia 


/ 


ns 


and .*. y’°’=2rx—z?. 
Cor. 2. If the centre c be in the origin o, then 8=O, and 
a0; 
2 Y+22=r"’, 


Equation to the Parabola. 


i9. Let QK be a given fixed 
line called the directrix, F a fixed 
point called the focus, and P any 
point in the curve, then the cha- 
racteristic property of the parabola 
is, that the distance rq of the point 
Pp from QK is equal to the distance 
PF of this point P from the focus. 
Through F draw aFrz perpendicular to Qk; bisect F A in 0, 
then 0 will be a point in the curve. 
Let oA=OF=a, ON=a@, and NP=y. 
Now FP?=FN?+NP?; 
but FP=QP=>=AN=OA+ON=@4+2, FN==ON—OF=2—4, 
and Np=y; therefore, by substitution, 
(a+z)}=(r1—a)?+y?; 
. y*=4az. 





Now, as this equation is true for avy point P in the curve, 
it will express the relation of the co-ordinates of every point 
in the curve; hence this relation is called the equation of 
the curve. 


Cor. Let FP=r, and 7 PFN=6, 
then r=FP=AN=AF+FN=2a+7 C008 PFN=2a+7r cos 6; 
2a ° 

1—cos 6 
This is called the polar equation of the parabola. 


Pee 


vO 
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Equation to the Ellipse. 


20. If two lines rP and F,P revolve about two fixed points 
¥ and F, called the foci, in such a way that we always have 


Al 





FP+F,P=2a, a constant; the curve traced by the point of 
intersection P is called an ellipse. 

Bisect FF, in Cc, and take cAa=Cp=a, then the curve will 
pass through aand p; through c draw Bom perpendicular to 
AD; with F as a centre, and radius equal tuo a, describe an 
arc cutting this line in the points B and M, then the curve 
will pass through B and M, because FB=F,B=4, and .*, FB 
+F |B=2Za. 

Let cN=2, NP=y, CB=b, Fp=d, F\P=d,; and as CF 
must be a certain part of cp, let cF or CF,=ae, which is 
called the eccentricity. From the right-angled triangles, 
FNP and F, NP we have, 


FP? or @=NF?+NP*=(ae—a2)}*+y’, 
F,P or d7=NF,'’+NP*=(ae+7)'+y’. 
Hence we have, by addition and subtraction, 
d?+d'=2(a’e'+27+y*).....-+- (1) 
d}—d@ or (d,+d)(d,—d)=4aexr.. (2). 
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But d+d=2a Gils (3) 
by substituting in (2), 2a(d,—d)=4aez, 
“. &@—d=2ex... (4); 
adding and subtracting (3) and (4), 
d,=a+er, d=a—enz, 
substituting these values in eq. (1), 
2(a%e? + x? + y?)=(a+ex)?+(a—ex)? 
2. y2=(1—e?)a?—(1 — 2)? 
=(1—e?) (a?—<x?). 
In order to eliminate e from this equation, we have, 
CF? +CB?=F B’, that is ae? + 62=a?, and 
Bb? 


e » 
ime a2 


a Y= (22)... (1) 


and v+o= =1...(2) 

Cor. 1. Let a be the origin, and put an=az,; then 
x, =AC+CN=G42, .“. r=2,—a. Substituting this value 
of x in eq. (1), we find, after a little reduction, 


2 ” 2 2 
Y= 42 (2ax,—2,”). 


This is the equation to the ellipse for the co-ordinates AN 
and NP, or when the origin is taken at A. 

Cor. 2. Let a circle be described upon the major diameter 
Ab of an ellipse, aBDM, then putting +,=AN, and Nr,;=y;, 
and ap=2r= 2a, we have by Cor. 1. to the equation of the 
circle, Art. 18. 


y=2re, —2,’, 
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but by the last Cor. the equation to the ellipse is 


b? 
eer (2rx,—2x,"), 


y 


eee ? b 
hence by division, =o or NP NP, 22 BCS AG. 
1 


Cor. 3. Let c be the pole; join c and P; put cp=z, and 
ZPcp=6 Then cn or z=rcos 6, and NP or y=. sin 6; 
substituting these values in eq. (2) of the ellipse, we have, 


r2 sin 26 ae r2 cos 26 





iy rn, : ns 1; : 
ry 
oes ab b 
a/ 62-0876 + a2 sin26 44 1—e?% cos?@’ 


b? 


a a ) : 
by substituting 1—e? for 72 and reducing. 


This is called the polar equation to the ellipse. 


Equation to the Hyperbola. 


21. In the hyperbola 
the difference between 
FP and Fr is a constant 
quantity, F and fF, being 
the fixed foci. 

Let F\P—FP=2a. Bi- 
sect F,F in c, and take 
cCA=cbp=a, then one 
branch of the curve will 
pass through A, and the 
other through p. Put cN=a, Np=y, CF or CF,=e times 
ca=eda, Fp=d, and F,p=d.,. 

Then from the right-angled triangles NPF and NPF,, we 
have, 





@P=nF?+nP?=(ea—xy+y? 
d2=NF 24+NP2?=(ea+7r)?+y?, 
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Proceeding in the same manner as in deriving the equa- 
tion to the ellipse, we have, 


d? + d? = 2(a%e? + 2?+y")... (1) 
d?—d? or (d,+d) (4, —d)=4aex. 
But d,—d=2a, 
- 2 +d=2er; 
hence by adding and subtracting, 
d =a+ex, and d=er—a; 
substituting these values in (1) and reducing, we find, 
y?=(e2 —1) (a? —a*)... (2) 
Making (e? —1) = or 6?=a*(e?—1), in order to sustain 


the analogy between the equations of the hyperbola and 
ellipse, we find, 


y="; (aa)... (8) 
. y? x 
ee BR? gt -. (4) 


Cor. Let A be the origin, and put aN=az,, then z,=cN 
—AC=2—a, and .»°. r=2,+a. Substituting this value ot 
zx in eq. (3), 


y= “a (2ax,+ %,?). 
Equation to the Witch. 


22. If or’s be a semicircle, and NP be | 
. 7 Dp 

taken a fourth proportional to ON, OB, and | 
Np’, then the locus of P is the witch. i 


Put ON=a, Np=y, OB=2r, then by the — 
equation to the circle Ne’ = V 2rx—2? ; 
but ON | OB: NP’ ¢ NP, 
. that ic, x: 2r*:/2rxa—a2? 1 y, 


_2rV2ra—® 5. J2r—% 
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Equation to the Cissoid. 


23. If op,B be a semicircle, of 
which P,M is any ordinate, take ; 
ON=BM, and draw NPK perpen- 
dicular to OB, and join OP, cutting 
Nk in Pr; then the locus of P is the : 
erssoid. 

Put ON=MB=2, NP=y, and OB 
==Zr, then from the equation of the 
circle MP,= V/2rz—x?; but from oO N M B 
the similar triangles ONP and OMP), 
we have, 

ON; NP::0M: MP, 


that is, x i yt} Q2r—a2 2 4'2rz—2?; 





Equation to the Logarithmic Curve. 


24. In this curve any abscissa ON is 
always the logarithm of its correspond- 
ing ordinate NP; thus, let oON=2z, NP 
=y, and a be the base of the system, 
then 





x=log,y, .. ya". 


If c=on=0, then y becomes oB, hence oB=a°=1; that 
is, the ordinate at the origin is always unity. 

Cor. If the abscissa increases arithmetically, the ordinate 
increases geometrically ; thus, if z=1, y=a!; ifr=2, y=a’; 
if x=3, y=a?®; and so on. 


Equation to the Cycloid. 
25. If the circle PBD roll along the straight line ox, @ 
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point P in the circumference of the circle will describe a 
curve OPK, called the cycloid. 
D 





Oo N 'B K 


Let c be the centre of the circle, scp a diameter perpen- 
digular to OK; join Pc, and draw PR perpendicular to Bp, 
and PN tooK. <Asthe circle is supposed to have rolled from 
oO to B, the arc PB must be equal toons. Put on=27, NP=y, 
BD=2r, 2 pcB=6, or what is the same thing, arc of 2 PCB 
radius being unity —6; then we have 


x=OB~—NB=arc PB—PR, 
but arc PB=rad. x 6=76, 
and PR=rad. sin 6=7. sin 6. ° 
Hence by substitution we have, 
a=rd—r sin 6=r(6—sin#)...(1) K 
Y=—NP=BR=CB—CR, . 


4 


but cB=7, and CR=r cos 6; . 
3 
“. Y=r—7rcos 6=r(1—cos @). aC) ee 3 


Equations (1) and (2) express the equation of the cycloid. 
The arc 6 cannot be eliminated between these equations. 


Equation to the Spiral of Archimedes. 


26. If the line oa revolve uniformly 
round 0 as a centre, while a point P 
moves uniformly from o along 04, then 
the point P will describe the spiral of 
Archimedes. 

Let or=r, the radius vector, 7 POA 
=6, the angle described by the radius 
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vector; and let a be the value of 7, when the radius vector 
has made one revolution; then 
a 


C2 Des PS as 2; r=5_- G 


ON THE LIMITING VALUES OF QUANTITIES. 


27. Any definité quantity multiplicd by O is equal to 0. 
For example, let us take the product 10 xz, then as we 
decrease xz the product will also be decreased ; thus we find, 
10x-l=1, 10x-O0l='l, 10x-001=-01, 10x -0001 =-001, 
and so on; so that when z is taken 0, the product 10 x O=0. 
And generally a x O=0. 

Any definite quantity divided by O is infinite or o. For 


° 10 
example, let us take the fraction af then as we decrease z 


‘the fraction will be increased; thus we have, ie = 100, 
10 10 10 
oi= 1000, 01 = 10000, 0001— 100000, and so on; so that 


: . 10 Ba Nah tg 
when z is taken O, the fraction 9 =F 8 infinite. And 


a 
generally Om & 


Any definite quantity multiplied by a quantity infinitely 
great, is infinite. Let us take the product 10 xa, then as 
we increase x the product will also be increased; thus we 
have 10 x 1=10, 10 x 10=100, 10 x 1001000, and so on; 
so that when 7 is taken o, the product 10x w=o. And 
generally ax o= o. 

Any definite quantity divided by a quantity infinitely great 


e e 1 ® 
is equal to O. Let us take the fraction ? then as we increase 


x the fraction will be decreased; thus we have y,="l, 
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roo 01, tog = 001, and so on; so that when a is taken 
o the fraction a =0. And generally =~ =0. 
eo co 


The magnitude of any algebraic expression depends upon 
the value which we assign to the variable contained in it. 
Thus the magnitude of the expression 32 +4, will increase 
or decrease with the value given to variable z If x be 
taken infinite, the expression will become infinite; and if x 
be taken O, the expression will be equal to 4. 

28. Definition. The quantity towards which an expres- 
sion continually apprvaches or converges, by making the 
variable continually approach a certain value, is called the 
imiting value of the expression. | 


Illustrations and Applications. 


1. Thus the limiting value of az+6 is 6, when a ap- 
proaches 0; becuuse’as a decreases the value of ax ap- » 
proaches nearer and nearer to 0. 

Again the limiting value of av+ bis a, when x approaches 
ao; because as 7 increases the value of az also increases, 
and when x becomes very great, or approaches infinity, ax 
becomes very great or approaches infinity. 

2. The limit of sinz is 0, when x approaches 0; for as x 
is decreased the smaller and smaller its sine becomes. And 
similarly the limit of tan 2 is 0, when z approaches 0. 

3. The limit of cosz is 1, when x approaches 0; because 
as the arc xz is decreased the nearer and nearer cOs2 ap- 
proaches radius or unity. 

4. In the curve PQrR, the secant PQ ap- i. 
proaches nearer and nearer to the tangent 
PT as the point Q approaches P; hence the Q 
tangent pT is defined to be the limiting 
position of the secant PQ, when Q ap- 
proaches Pp, or what is the same thing, as the ZQPT ap- 
proaches 0. 


i) 
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5. If a regular polygon be inscribed in a circle, and if 
another be inscribed having twice the number of sides, it is 
evident that the surface of the second will approach more 
nearly to the surface of the circle than that of the first. If 
the number of sides be continually doubled, the polygon will 
approach nearer and nearer to the circle, until at length 
their difference must become less than any quantity that can 
be assigned; hence the circle is the limit of the inscribed 
polygon when the number of sides approaches oo. 

a 
l+ez 
for every value of x greater than O it is less than a, yet it is 
also to be observed that the nearer z approaches to 0, the 


6. The limiting value of is a, when x=0; because 





nearer does 





ae approach to a. 


Again the limiting value of eer is O, when z= 0; be- 


cause as x increases the fraction becomes less and less, and 
finally when z is greater than any finite quantity, the fraction 
becomes less than any finite quantity. 

a 
l+az 
when x=0, as well as the limiting value. In like manner 

a 
l+2 
limiting value. In general the limiting value of any function, 
when the variable approaches O or o, is nothing else, in 
fact, than the actual value of the function when the variable 
is taken O or ©. This being the case, it may be asked,— 
why make any distinction between the limiting value of an 
expression, and its actual value ? why say that an expression 
approaches a certain value, when we might more simply 
say that it takes that value? In answer to this, it may be 
stated, that there are many expressions which assume inde- 
terminate, if not illogical, forms, when the variable actually 
takes a particular value; whereas, in such cases, the limit. 


It will readily be seen that a is the actual value of 





when x=, as well as the 





Ois the actual value of 
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ing values of the expressions would be perfectly intelligible. 


2Zax+a2? , 
x 


Thus, in the expression , if we make x=0, we find 


: 0 : 
that the expression becomes 0” which has no meaning what- 








D) 2 
ever; however we have by oe =2a+2, for 
all values of x; 
ee 2axr+2x 
.. the limiting value of art o 2a, when r=0; 


thus by resorting to the idea of a limiting value we are 


: : : QO 
enabled to avoid the indeterminate form on oe: which we 


must otherwise have come to. However, for the sake of 
conciseness, when no ambiguity can arise, we shall hereafter 
sometimes speak of a limiting value as if it were an actual 
value. 








7. To find the limits of 2 aa 
Here Ld OY 
x 
If z=0, then ?— =m; 
x O 





.*, the limit of tee = ,» when z=0. 


a_a 
If z=o, then -=—=0, 
x x 


.. the limit of can 





=e, when z=0. 
% 


8. The limit of ~ = 





= is 1, when z=. 


Cc 
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ae and when r=00, ~=05 hence, &c. 


a 
1+ 





x 
Here 
x+a 


9. The limiting value of 





x2 —a? 
is Za, when z=a ; because 
x—a 
22 — @3 
r—a 
the nearer and nearer does «+a approach 2a. 

This example shows that, though the two terms of a ratio 
may respectively approach 0, yet the limiting value of that 
ratio may be finite. This is quite in keeping with our most 
ordinary notions of ratios; for the value of a ratio does not 
depend upon the aésolute magnitude of the terms composing 
it, but upon their relative magnitude. Thus one line a may 
be three times the length of another line B, without regard 
to their absolute lengths. If the length of a is 3 fect, the 
length of B will be 1 foot; if the length of a is 3 inches, the 
length of B will be Linch; in fact, if the length of a were 
inconceivably small, the length of B would be still one-third 
of that inconceivably small length. 





=2+4, for all values of x, and .*. as x approaches a, 


aye 1 ] 
10. Required the limiting value of oa +2 +...ton 
terms, when m=. 


Here (Alg., page 92.) the sum of this geometrical series is 


1 
aa 1 





, 1 7 e 
; but when n=, —.==~-=0, and heiice the limit- 
ax” a 
lw 
x 
| . 
: x La a 
ing value becomes =a which is the sum of the 
Lo Se 
Z 


proposed series continued 77 infinitum. , 


ON THE LIMITING VALUES OF QUANTITIES. 27 


11. Required the limiting value of - (1+2+3+4+... +) 


when =o. 
Here (Alg., page 89.) 1+2+3+4. .$n=(nt]), ; 


‘ I nm i Jd , 
.. the proposed expression=—, x (n+ 1) gma tay for 


all values of 2. 


1 1,4] 


But when 2==, 5 a= =o = =) which is the limit- 


ing value required. 
12. Required the limiting value of - (17?4274+...+4 7) 


when n=o. 


5 72 
By Art. 10., 124224, ° sige rae: 

38 2 6 
.. the proposed cxpression 


=", areas 3) =3 ] 
; 3 T% 3 + ter 


But when n=2, this becomes=}. 


z 
13. Required the limiting value of (1 +2) when / ap- 
proaches 0. 


By the binomial theorem, 


A\i h 1 Gi n(G-1) 2 
(145)'=145 545 am ‘ — + &e. 
Os ) (4) (2 (1-3) 


SET ag hi gg 
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Now, when h=0, * =" =0, and hence the limiting value 
of this expression, 
1 1 1 
—l+l+rstrastiasat & 
= 2°7182, &c.=e, by Art. & Cor. 1. 


14. To find the area of the triangle aBc, by the method of 
limits. 

Put a=the base ab, and p 
=the perpendicular cp. Letcp 
be divided into 2 equal parts, 
and upon each of these parts let 
circumscribed and inscribed rect- 
angles be drawn; then the area 
of the triangle will be less than 
the sum of the circumscribed rectangles, and greater than 
_ the sum cf the inscribed ones. 





The height of each of these rectangles will be r the base 


° ° a . : 
ac of the first will be a the base ez of the second a , the base 
n 


. , ott 
rs of the third —“, and so on; the base of the nth being ““. 


.. the sum of the circumscribed rectangles 


t Payee Pees 2 ne oP 
+ a 


nnn'n mn 
i ed Ge 
=DGt243+ 0.0 +n)=G (1+;). 
In like manner, the sum of the inscribed rectangles, 


—o4% P 2% p, 3a p (n—l)a p 
cha eee a oa ee n "n 


4p yy = 2P(,_} 
PE L+2434 ... +(n—D} =P(i—;). 
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Now the area of the triangle lies between these two areas, 
whatever may be tlie value assigned to 2. But when the 
number of parts into which cp is divided is increased with- 
out limit, or, what is the same thing, when n= o in the 
above expressions, the areas of the circumscribed and in- 
scribed rectangles become equal to one another; that is, 


—“P Therefore the area of the triangle—“ PaaS 

15. To find the space s described by a falling body in ua 
given time é. 

Gravity being a constantly acting force, it adds equal 
increments of velocity to a descending body in equal inter- 
‘vals of time. Thus at the end of one second it is found 
that the velocity acquired is 32} ft.; at the end of 2 seconds, 
2 times 32} ft.; at the end of 3 seconds, 3 times 82} ft.; and 
so on, the velocity increasing with the time. Hence if ¢ be 
put for the velocity acquired at the end of é seconds, and yg 
be put for 323, we have the general relation, 


v=tg...(1). 

If the body be projected vertically downwards with anv 
given velocity, it is evident that we must add this velocity 
to that which is due to gravity, to obtain the total velocity 
of the body at any instant of its descent. 

Let v be the velocity with which a body is projected 
vertically downwards, and let ¢ be divided into ” equal 


intervals, each being equal to “3 then as v is the velocity 
acquired in ¢ seconds, the velocity communicated to the body 
by gravity in each interval will be the zth part of o= 
Hence the velocity at the commencement of the motion will 


: v 
be v; at the end of the Ist interval v+ . at the end of the 


2v 2 
2d interval v+ 3; and so on. Now let us suppose that 
aw 


¢ 3 
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the motion of the body is uniform between each interval. 
then taking the velocities at the beginning of each interval, 
the space described in the time ¢ 


t v\t 2u\ é 
ay eres (v+2) <4 (v4) i+ -.. to m terms 


fv tv ] 
=EV > 2 eae _— poe --— —_— 
five a {1+2+3+ to (x—1) terms} =¢v+ 5 (2 ) 


This result is evidently less than the actual space 8 which 
the body will describe. 

Now taking the velocities at the end of each interval, the 
space deseribed in the time ¢ 


Jv 
=(v+ +o) i 4 +(v +22 “i+ (vt =). +... to m terms 
eet es 5 71+ “) 


This result is evidently greater than the actual space s 
which the body will describe. 

Now the space § lies between these two spaces, whatever 
may be the value assigned to 2. But when the intervals 
ure increased without limit, or, what is the same thing, when 
n== x, these two expressions for the spaces become equal to 


: tv 

one another, that is EV ge 
tv f 
Per aa I ee @ (2). ; 


Substituting the value of vw given in eq. (1), 
s=tv+O x6 were (3). 


If v=0, or if the body fall from a state of rest, then we 
have, 


s=0 x3 eee (4). 
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16. To find the limiting relation of tan 4 to sin A, when 

the arc h approaches 0. 
tan l 
Here we always have, anh ash 

Now when hf is indefinitely decreased, the value of cos h 
=]: 
tan h 
sin h 
that is, sin A and tan h tend to an equality as h ap- 
proaches 0. 

17. To show that the arc of a circle is greater than its 
sine and less than its tangent. 

Let pr be any arc of a circle whose radius ~—-__« 
is AB Draw bc and FC tangents to the ‘ ae 

#1 


.. the limiting value of =1, when A approaches 0; 


Zo 
points B and F; join Ac cutting the circle in Wa ‘ \ 
the point 0; and join BF cutting AC in I; 4 


then BC=FC, BI=FI, and are bO=are FO. as 
Now Art. 73. Geo., 
arc FOB>FIB<FC+CB 


B 


“. 2 are BO>2 BI<24nC 
. archo> BI<CBC. 
But Bi is the sine of the arc Bo, and BC is its tangent ; 
therefore the arc is greater than its sine, and less than its 
tangent; or putting & for arc Bo, 
2 A>sink<tan A. 

Let us now enquire what this relation becomes when the 
are approaclics 0. 

Now it has been shown in the last problem, that sin 4 and 
tan h tend to an equality as £ approaches 0; but as h always 
lies between sin A and tan #4, we have for the limiting values 
when # approaches 0, 


h=sin h=tanh; 


or the sine and tangent of an are, in their limiting state, are 
in a ratio uf equality with the arc itself. 
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8. To find the circumference of a circle whose radius 
is 7. 

Let A be the centre of the circle Gro, &c., 
and pc the side of a regular circumscribed 
polygon of 2 sides, touching the circle in the 
point b. Let spv be another circle whose 








radius AD=1, and DT a tangent to the point SNe 

bp, cutting ac in T; then, if we put 2 /~4 

for the circumference of ie circle, the are " 
Qn ™ 

VDs=~-, .%. arc DV= bore =e, and pT=tan - From the 


similar triangles ADT and ABC, we have, 


AD SDT 2 AL 3 EC, or 


Tv Fs 
1; tan~ :i73BC=r tan -; 
2 Ht 


T 
PC=2BC =27 tan - ; 
n 
. “rs 
.. the perimeter of the polygon=2r tan — xn. 
nt 


ee . OD es 
Now if 2 be continually increased, the are — will be de- 
n 


creased, and the sides of the polygon will approach nearer 
and nearer to the circumference of the circle. 


° e . o,e T 
.. Circum. circle=limiting value of 27 tan-- x n, 

2 
T : T 
when 2 = ©, or as but by the preceding problem tan — 
% 

& = 
approaches 7 as = approaches O; 


e e s es s T 
., Circum. circle=limiting value of 2r - x n=2rrn, 
n 


where 2z is put for the circumference of a circle whose 
radius 1s 1. Hence it follows that the circumferences of 
circles are to one another us their radii. 
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19. To find the area of a circle. 
Adopting the notation and fig. of the preceding problem, 
we have 


- uw 
area triangle PAC=AB.BC=7"? tan 
But there are n of these triangles making up the polygon, 


ve 
.. area polygon=7r? tan ee 
é 


=" OT i E . 
Now when nxn=o, tan =, and then the polygon coin- 


cides with the circle, or, more strictly speaking, the limit of 
the pelygon is the circle, when n=2; .. taking the limits 
of both sides of the equality, we have, 


. ™ d\2 ve 
area circle—nr? ——=r°r—{ —) c= d--. 
ry 2 + 


Hence the areas of circles are to one another as the 
squares of their radii or diameters. : 


20. To find the solidity and surface of 
a right cylinder, PBGN. 

Let pcru be the side of a prism of 2 
equal sides, circumscribed about the cy- 
linder; put r=the radius ab, and h=the 
perpendicular height Ao; then by prob- 





e Tw 
lem 19, area triangle apc=7? tan a? 
.. solidity prism ADCFHO=area base ADC X perpen. AO 


Tt 
=7" tan —xh. 
7 n 


But the solidity of the whole circumscribed prism will be 
n times this result ; 


e ° e e 9 T 
.. solidity circum. prism=zr" tan 7X h. 


ce} 
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Now when 2-0, tan -=", and the limit of the circum- 


ccribed prism is the cylinder ; 


.. Solidity cylinder=limiting value of mr? tan ~ xh 


=nr?= x h=riah. 
n 
That is, the solidity of the cylinder is equal to the area of 
the base multiplied by the perpendicular height. 
Again, the area of the face pCFH=DC x DH=2BC x AO 


T 
=—9rtan —xh. 
n 


But there are 2 side faces in the whole circumscribed 
yrism. 


on e e ° T 
.. Surface in the side faces of the prism=2mr7 tan - xh. 
7 
Hence we have, by taking the limits as before, 
. vrs 
convex surface cylinder=2nr em erah. 


Now, by problem 18., 2rx is the circumference of the base ; 
herefore the convex surface of a right cyhnder is equal to 
he circumference of the base multiplied by the perpendicular 
eight. 


21. To find the solidity and surface of a right cone pBV. 


Let pcv be one of the faces of a 
‘yramid of m cqual sides, circum ne 
scribed about the cone ; put r=an, ? 
ae radius of the base, andh=av, 
aé perpendicular height; then, pro- 
acding as in the last problem, we 
ave, 





a 7 7 
area triangle DAC==7r* tan 73 
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.. solidity pyramid apCv=! area base x perpend. height 
TT 
=r? tan mee h. 


But the solidity of the whole circumscribed pyramid will 
be times this result; 


se oe e s T 
.. solidity circum. pyramid =427? tan _x h. 


T Tw ° . ° 
Now when m=, tan 3 and the limit of the circum- 


scribed pyramid is the cone; 


ag gestae ‘ 4 
.. solidity cone=limiting value of inr? tan ee h 


7 
a 20. its Dn 
=4rtr ‘i x h=1,r xh. 


Hence the solidity of a cone is equal to one third the area 
of the base multiplied by the perpendicular height. : 

Asain, to find the convex surface of the cone, put s=Brv, 
the slant height, then we have, 


Te 
area face DCV=3DC X BV=BC XBV=7 tan x83 


.. whole surface in the side faces of the circumscribed 


e % 
pyramid=zr tan 5 XS 
Therefore, taking the limit as before, we have, 
; vr 
convex surface cone= zr 5 SH=Tas. 


But rz is equal to one half the circumference of the base ; 
therefore the convex surface of the cone is equal to one half 
the circumference of the base multiplied by the slant height. 
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INCREMENTS AND THEIR LIMITING RATIO. 


29. When the variable in an expression undergocs an 
wcrease, or takes an increment, the expression itself neces- 
sarily undergoes a change, and the quantity by which it is 
thus increased is called its increment. 

Thus if x, in the expression az, takes the increment 4, 
then az will become a(x+A), and 


.. the increment of ar=a(a+h)—axz=ah, 


that is, if x be increased by hf, the function az will be in- 
creased by a times h. 


a? Aa ; 
Let f(@)== > then if « takes the increment 4, the 

—— 

7 e e (rth y- 

fun n xv)w os ¢ 

unction f (x) will become fg a ind 
. ; ath)? x? 

.. the increment of f (7)= a eee 


xr-h+1] r+] 


In general, if x. in the function f(r), takes the increment 
h, then f(x) will become f(r+hA), and 


. the increment of f(r)=f(2+h)—f(z). 


In the following exercises, &c. we shall invariably sup- 
pose / to be the increment of the independent variable; and, 
for the sake of conciseness, we shall write “Iner. f(z)” for 
* The increment of f(x),” and “Incr. y” for “ The increment 
of y.”* 

Ex. 1. If x receives the increment h, what will be the 
increment or increase of y=ax?? 


* In the calculus of finite differences, the symhol Ay is used for 
expressing Incr. y, or, as it is called, the difference of y. 
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IIere when 2 becomes x+A, the function az? becomes 
a(x+h)?; 
2. incr. y=a(x +h)? - ax? =2axch+ah?. 
2. What will be the limiting ratio of incr. y to incr. x, in 
the last example, when & or incr. x approaches 0? 


Here, dividing each side of the last equality by A, 


incr. ¥ - incr. ¥ 


=2ax+ah. 
h incr. x 


Now this equation must hold true whatever may be the 
value given tok. If h be taken very small, ah will also be 
very small; in fact, if we suppose A to become smaller and 
smaller the nearer and nearer will 2ar+ah approach 2az; 


incr. re 
iner. x 


.. “the limiting value of . =?ax. 


3. If z receives the increment h, required the increment 
of y= zx? — 32+ 2. ’ 


Here when x becomes 2+h, the function y becomes 
(c+h)—3(r+h)+2; 


.. incr. y=(r+h)?—3(r+h)+2— {x?—3zx+ 2} 
=(2r—3)h+ h?. 


4. Required the limiting ratio of incr. y to incr. z, in the 
last example. 


Dividing each side of the last equality by h, we have, 


incr. ? incr. 2 
Oe ee ew =27—3+hk. 
h incr. 2 


When & approaches 0, we have, 


* It must be observed that a limiting value of a ratio is not a mere 
approximation; for while we speak of A approaching O, or approaching 
it as nearly as we please, we do this merely to aid our conception of the 
terms of the ratio, yet we actually take 4 =O in finding the value of the 
limit of the ratio. 
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limiting value of peed 4 — 2x — 3. 


5. Required the increment of y= when zx becomes 
rth. 
act B(ath) 3x Gh 
IT h42 2t+2 (atht2)@r+2) 
6. Required the limiting ratio of the increments in the 
last example. 


Dividing each side of the last equality by hk, 


incr. y “se incr. y__ 6 
h incr.a (r+ A+2)\e+ -2y 
Therefore when # approaches 0, we have, 
6 
limiting value of . ee Dy see, letoet —_ 


incr. x (atO42)(r+2) (x42)? 


7. In the curve arg, let axn(= 7), and Nr(=y) be the co- 
ordinates of the point r; and let y=.42" 
be the equation tothe curve. Required , 
the limiting ratio of the increment of 
NP to the increment of AN. 

Let NP move parallel to itself until 
it comes to the position MQ. Draw ri 
parallel to AN, then if Nu(=A/) be the 
increment of AN or x, LQ will be the 
increment of Np or y. By the equation to the curve, we 
have, 





NP=4AN’, and MQO=4AM 
= 427 =4(r+h); 
oe LQ=MQ—NP=4(24+h)?—42°= 82h + 4h’, 
Dividing each side of this equality by A, 


LQ incr. NP 
h T iner. AN =8a+ 4h. 
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Now these increments will have a definite ratio, however 
small 4 may be taken, or, what is the same thing, however 
near MQ may be taken to np. When approaches 0, we 
incr, NP 

—=62. 


have the limiting value of : 
incr. AN 





8. Let y=2? -1 Required the limiting ratio of incr. y 


to incr. x, or the limit of pace y, 
incr. x 
Here, when x becomes z+, then y becomes (a+ h)? — 7 4 
i+ 


-. incr. y=(a+hy— 1 — {21} =22h+h?+ Eee ey 


(xh je’ 


incr. ¥ incr. y__ ] 
eh " iner. © eae Aya 


Therefore when A —— O, we have, 


e e e inc 
limiting value of + 7 
incr. x 





] 1 
—? —9 = 
Cee CeO xe 


EXERCISES FOR THE STUDENT. 


1. If x receives the increment of /, required the increments 
of the following functions, 52?+2, Tx?—6z, ax?—br+e, 
an —c. 

Answers. 10xh + 5h?, (14x—6)h+ Th?, (2axr—b)h+ah?, 
saxrrh + 3axh? + ah3. 


2. If the side of a square be 2, and it be increased by &, 
by what quantity will the surface of the square be increased? 
Ans. 2:vh + h3. 

3. Ifthe radius of a circle be a, and it be increased by &, 
what will be the increment of the circle? Ans. (27h +h?)x. 
4. In Ex. 2., what will be the increment given to the 
diagonal ? wins. h/2, 
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5. Required the increments of the following functions, 
l—a 2% 
sR com 2 
xe ata Toe 
(a—1)h 2ah 
wa+thy (a+xz+h) (a+z) 


6. Required the limiting ratio of the increment of the 
function to the increment of the variable, in the following 
functions, 222, a8—az, S52?+a, 3x'+c, 23+2°—ar+e, 
r+a 3 


r 3 


Answers. » Al+ayh+ h2. 


e — Cl 3 
Answers. 4x, 3x?—a, tOxr, 1223, 3x?-+20—a, 7,1 +o. 
PF ied VU 


7. Required the limiting ratio of the increments in ex- 
amples 2 and 3. lns. 20, 2a7. 
8. Let y=a?—Sr-—c, be the equation of a curve, and «x 
receive the increment 4, what will be the increment of the 


ordinate y ? wlus. (20 —3;h + h?. 
* 9. Required the limiting ratio of the increment of y to 
the increment of #, in the last example. Ans. 2x—3. 


DIFFERENTIAL CALCULUS. 
NOTATION OF THE DIFFERENTIAL CALCULUS. 


30. It now becomes desirable that we should have some 
notation for expressing the limiting ratio of two simultaneous 
increments. It matters not what this notation is, provided 
it expresses the thing signified without ambiguity, at the 
same time that it admits of being readily extended to all 
cases which can arise, without any restriction as to its 
interpretation. 

31. In E7xs. 3. and 4., p. 37., it is shown that the limiting 


incr. : - 
value of ee Oe 3, where y=a?- 32+2. Now if dav 
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be put for the incr. x or Ain the limiting value; then, in 
order to maintain the uniformity of notation, dy must be put 


for incr. y. Thus OY 2p 3, Or, putting in the value of y, 

d(x? —32+2) : dy 

oe ae Sy By de? therefore, we simply mean 
incr. 7 





the limiting value of coreg a the limiting value of the 


ratio of the increment of y to the increment of z, when the, 
increment of x approaches 0. As y is here understood to be 
df( x) 


} 
a function of 2, we also have —— ar = limiting value 
‘ 
i 


incr. f(r) _ cn —f(2) 


incr. z. 


AG ar LC 
A 


is in general a finite quantity, if the division 


, When h=0. Now the limit of 


by A is performed before / is made 0. 


Geometrical representation of 


az) 
d 


7 or the limiting value 


Her, Ka) 
of -- : 


er, vw 


32. Let an=vwr, and np=y, be the co-ordinates of the 
point rin the curve PQ. Take 
a point q in the curve near 
to Pp, its co-ordinates being 
AM und MQ; from P draw PL 
parallel to aa; draw the chord 
yb, and produce it to meet the 
aXis 101 Rk. 

Let y=fAx) be the equation to the curve, then when AN 
or 2 takes the increment A=NM, NP or y will take the incre- 
ment La. 





“. Nr=fiz), and Mmg=Mw+h); 
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. LQ=MQ—NP=f(rx+h)—f(2z) ‘ 


o FS or 28 _Aaethy—ia) 
ek h~ rp 


LQ 
but pp tan LrPQ=tan NRP; 


et") ar Ca » ner. S(®) 


incr. x x 





-. tan NRP= 


Now this equality is true for all values of A: when the 
point Q approaches Pp, the value of 4 or incr. x approaches Q, 
the secant QPR approaches nearer and nearer to the tangent 
rv, and therefore the Z QPD approaches 0, while the ZNRP 
approaches nearer and nearer to an equality with the Z NTP; 
hence we have, taking the limits of the above equation, 


incr. f(a) 


incr. x 


¥ tan NTP=limiting value of — 


ee : Ax) or & ay (1) 
: de dx . 
which equation in general gives us the geometrical interpre- 


dy 


tation of differential coefficient °’. 
ition of the diffe offi ve 


33. This investigation leads us to the following definition 
of a tangent toacurve. The line pT is said to be the tan- 


- gent at p, when PT is the luniting position of the secant 
, QPR, on the supposition that Q appruaches Pp, or, what is the 


Pet 


same thing, when the Z QPb approaches 0. 

34. It is necessary that we should have names given to 
these symbols, in order to speak of them with precision ; 
thus dx is called the differential of x, and dy the differen- 


tial* of ys The symbol i is called the differential coeffi- 


® In the calculus of differences the increment of y is called the first 
difference of y; hence, in the differential calculus, this difference taken 
indefinitely small, has been called the differential of y. 
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ctent, and the process by which su is obtained is called dif- 
ferentiution. The letter d, therefore, placed before any 
expression or function, indicates that the function is to be 
differentiated, so that d is a symbol of an operation, and not 
of a quantity. 

In the examples given in Art. 29., the limiting ratios there 
found are the values of the differential coefficients of the 
te Goa? and so on. 
35. The first object of the differential calculus is to dcter- 


dite), or the limiting value of 
dx 


respective functions; thus, in Ez. 6. 


mine rules for finding 


fir +h) -fix) 
ee when 4 approaches 0; and then to show the 
t 

use of these Hmiting values in the solution of various 


problems in pure and mixed mathematics. 
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36. Rule 1. A constant quantity, connected with a func- 
tion of x by the process of multiplication or division, remains 
as a multiplier or divisor after differentiation. 


dy 
Let yaar, then OY) — 3ax?, 
: da 


Incr. y= a(x +h 8—ax3=S8arrh + 8arh? + ah}; 


_ ner. 7% 


veg -== Bax® + 38arh+ ah’; 
p 
Senta incr. 2 
.. limiting value of . - =~ 4 —8ax", 
incr. x 
. di 
that is, 4 — Bax. 
dz 


Let y= rat, then = 
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Incr. y=\(a+hy— tet +%, 


: ery 2 * 
[oe h + 


iner. y 22 
.. limiting value of : fears 
incr. 2 ¢ 





that is, 27". 
dx 


dy _ av) 
Generally, let y=af(x), then en de 


Incr. y=af(a+h)—af(x)=a{f(at+h)—f(a)} 
=a iner. f(2). 
Dividing by / or incr. 2, 


incr. y — gine M2) 
incr. « incr. x 





This equation being true for all values of # or incr. 2, it 
will also be true when /# approaches 0; therefore, taking 
the limiting values, by putting the ratios of the differentials 
for the ratios of the increments, we have, 


dy df(x) 
da“ de 


37. Rule 2. A constant quantity, connected with a func- 
tion of x by the sign of addition or subtraction, disappears 
after differentiation. 


Let y=2z* +c, then OY 2a, 


Incr. y=(w@ +h)? +e—(a*+c)=2xh +h; 


incr. 


Pa h =2r4+h; 


RULES FOR THE DIFFERENTIATION OF FUNCTIONS. 485 


incr. ¥ 





*, limiting value of; = 22, 
ner. x 
. a 
that is, = 2x. 
Let y=azx—c, then Ya. 


Incr. y=a(x+h)—e—(axr—c)=ah; 





a Ee a 
Fy nt? = 
a dy _ afi) 
Generally, let y=/(r) +e, then = dco de 


Iner. y=f(z+h)+e— (f(x) +e} =fa+h)—f\2); 
aie et) 


Taking the limiting values when & approaches 0, 
CY Sa) 
dx dx * 


38. Rule 3. To obtain the differential coefficient of any 
constant power of zx, multiply together the exponent, and x 
with its exponent diminished by unity. 


Thus if y=2"', then Ya 
Let y=2", then a nx", 
Incr. y=(4#+h)*— 2%, by the binomial theorem, 
nati BN 1) 2h2 4 eo, 
i. | 


-, BE Yana siti )) ath + &e. 
h 1.2 
.*. limiting value of —“ 4 =na™, 
incr. x 


. ay 
tl t Sy —- e 
1at1s ] 


’ 
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Multiplying by dx, we also have, dyaanz"—'dz, which is an 
expression for the differential of z*. This form is convenient 
for algebraic calculation ; strictly speaking, however, the dx 
should not be separated from the dy. 

This result is truc, whether 2 be a whole number, a frac- 
tion, or a minus quantity. 


EXAMPLES. 
1. Let y=3z’, then Y=8 x7 xz?-1=21a8, (See Rule 1.) 
x 


2. If y=2ax+e, required the differential coefficient, or 
the value of if . (See Rule 2.) Ans. 1 ax, 


3. What is the differential coefficient of : (2x3—1)? 
a 


ins. A coi 
a 


3 3} 1 
4. Let y= 22", then dy =2x2xa2* =32",because Rule 3. 
dx 2 
is true for fractional indices. 


5. Required the epcrenus coefficient of 42, 





Here, dae 4 xix 2 =2n i? , 
x 
2 
3 
6. Required the value of Coz) Ans. = 
dx 2 
dy 
7 If y= Saar, then = — 2ar-*-! — -<¢ ; because 


Rule 3. is true for minus indices. 
8. Required the differential coefficients cf the following 
functions, ax’, 62! +c, ie and 3a (2- *1): 
_ - 
i 2 9a 


Answers, = 2 ast —~, and 7. 
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9. What is the differential of az"—* ? 
Let y=azx"’, then =a(n—2)z"™—*; multiplying each side 


of the equality by dz, we have, dy=a(n—2)a*“dz. 
10. Required the differentials of the following functions, 
22%, Bas, Bert, pee Sx. 


= 


Answers. 4x*dz, x ; ride, Sd. of 3dr 


39. Rule 4. The differential coefficient of the sum of any 
functions is equal to the sum of the several differential co- 
efficients of the functions; and the differential of the sum of 
the functions is equal to the sum of the differentials of the 
functions. 


Let y=ax+bz!, then - —a+42b2, and dy=adz + Qbude. 


Incr. y= a(x +h)+b(r+h)?—(ax+ bz’) 
=ah+2bah+ bh’, 


ae =a +26r+bh 


. limiting value of 1°": 4=a+4 26z, 
incr. z 


that is, Waa +262; 


“. dy=adx-+ 2brdx. 
Where adr is the differential of ax, and 2brdr is the dif- 
ferential of bz?; hence the rule as applied to this case. 
Generally, let y=f(2)+F(x)t&e. 
Incr. y=f(a+h)tr(rt+h)t&e.— (f(r) tR(2)t&c.} 
=f(2+h)—f(x)t {rF(x+h)—F(x)} t&c. 
=incr. f(z)tincr. r(x) &e. 3 
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incr. y_incr. f(x), incr. F(z), 9 
aa aon ;, a h a OFC 


This equation being true for all values of 4, it will also 
be true when /# approaches 0; therefore taking the limiting 
values, by putting the ratios of the differentials for the ratios 
of the increments, we have, 


dy Af a), ara), 
da de + de ~*° 


or dy=df(x)t+dr(x)+&c. 


EXAMPLES. 


1. Let y=2"+aa"+c, then - = nx"!+4+ max", and 


dy=nx"—'dz + max”™—dz. 
« 2, What is the differential coefficient of ox? —ai? 


3 dy —1 28g 3— 
Let y=a2z?— x’, then dene! —gn =2ar—2.-— 


; 17 3 
3. What is the differential coefficient of x'(«?—a)? 
1 
Let yao (ea) =2— ax", then 


— 2a —laz* 2 — ot 


4. What is the differential coefficient of az*—z+ ef 


Let y=ax?—24 G=a0— 2+; 


P dy _ Dees ba a _2 
PA dp ett — 128 =2ax—1 a 
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5. What are the differential coefficients of the following 
functions, 4(22°—6z*), 23+a?—x2+1, ja4—laax, (2a—1) 


x (24+1), (a—x)?+ ax, 4ax* = x(i—x)?? 
Answers. 2x4 ~—) $2", 32+ 2x—1, 223+ ax?, 8x, 2a—a, 


2ax8 +, 3x2 — 4e+1. 


6. What is the differential of (a +)®—a(3z? + a?) ? 
Let y=(a+27)3—a(32? +4 a?) =23 4 30°72 ; re mee ee, 


ee oY — Ba + 3a’, ae dy = 3x°dx+ 3a°*dr. 
7. What are the differentials of the following functions. 


“(a8 228), (2+ 1)(e'-1), (a—2)8 + 3atu? 


Answers. Sede —@, sake, 6axdz — 32°dx. ° 
Y se 


40. Rule 5. To find the differential of the product of two 
functions, multiply each function by the differential of tlic 
other, and add the products. 

Required the differential of y=(a+27)z. 

This expression may be readily differentiated by multi- 
plying the factors, and then applying Mule 4.; but we pro- 
pose to go through the operation so as to illustrate the 
method by which the ruleTlere given is established. 


Incr. y=(@+a+h)(a+h)—(a4+x)e. 
Subtracting and adding (a+2)(#+h) and reducing, 
iner. y= {((a+2+h)—(a+2x)} (x +h)+ {(4+h)—a}(a+2) 
=h(a+h)+h(a+zx) 
ae ner =(r+h)+(a+2z). 


D 


50 DIFFERENTIAL CALOULUS. 


When h approaches 0, we have, 
2+ (a+n)= a+22, 
“. dy=dzxu+(a+2)de=(a+ 2x)dx. 
Let us now apply this method of demonstration to the 
ceneral formula, y=f(«) x F(2). 
If x takes the increment h, we have, 
incr. y=f(a+h) xF(a+h)—f(x) x F(L). 
Subtracting and adding f(x) x F(a+h), and reducing, 
incr. y= {f(a+h)—f(2)} F(at+h)+ (F(e+h)—F(2)} f(z) 
=incr. f(z) x F(a+h)+iner. F(x) x f(z), 


. incr. y__ incr. f(x) 
" AT h 


Seen ee incr. te) x f(a). 
As this equation holds true for all values of A, it will also 


“he true when # approaches O, and then the limiting value of 


uae J = the limiting value of ——-; mnere J) _ wh Ue) , and so 


Onn. 


2 Bn V®) 5 0(2) 4 2 x Ka), 


and multiplying each side of this equality by dz, 
=A f(x) x F(x) + dr(2) x f(z). 


41. It will now be easy to differentiate the product of 
three or more functions of the same variable. 


Let y=f(z) x #(x) x o(2), 
then if (x) be put for f(x) x F(z), 
y=%(x) x o(2). 
Differentiating by the rule just proved, 
dy=d®(x) x o(x) + do(x) x ®(.x), 
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but &(7)=f(z) x F(z) 
“. d0(x)=df(x) x F(x) + dr(2) x fix), 
therefore by substitution and reduction, 
dy =df(a) x (x) x oa) + d(x) x fla) x o(2) 
+ dg(a) x f(x) x r(x). 
Where we multiply the differential of each factor by all the 


_ other factors, and add the results. ‘The rule will obviously 
apply to any number of factors. 


EXAMPLES. 


1. Let y=(axv+a’)(a+2°), then by the rule, 
dy=d(ax-- a?) x (a+25) + d(a +a) x (ax+2") 
=(adx+2ardv) x (a+23) +4 3a%dx x (ar + x”) 
= (5at + 4aa'+ 2ax+a*)dx, by reduction. 


Dividing each side of this equation by dz will give us 
the value of the differential coefficient. : 
2. Let y=(1+27)(1+ x3), then dy=(5a1 + 327+ 2x)dx. 
3. Let y=(a+ bz*) (b23—a), then dy=66°a'dzx. 
4. Let y=(14+2 42%) (1—23)+2°— 1, then 
dy =(dx+3x%dx) (1 —x)—3a7dzx x (1+2+4 93) +4 6aidx 


. . dy 
— =< 3 e 7 — J 
=(1—42")dz, and .*. a 1— 42 


5. Let y=(a+ 2x") (a—323) +625, then = dan — Sax”. 


6. Let y=2?(1— ax?) (1+ a2), then OY = 2, 6a2x5. 

42. Rule 6. To find the differential of a fraction, mul-| 
tiply the differential of the numerator into the denominator, 
from this product subtract the differential of the denominator 
multiplied by the numerator, and divide the remainder by 
the square of the denominator. 

d2 
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Let y=——_ a then when z takes the increment &, 


x+h _(#+h)(a+z)—2(a+e+h) 


a TG ath ae (a+x+h)(a+z) — 


Subtracting and adding 2(a+2) to the numerator, 
{((z+h)—z} (a+2)—2 {((at+at+h)—(a+2)} 


aaa dan (at+z+h)(a+z) 
h(a+2)—zh oes a 
~(a+z+h)(a+ay’ 
. incr. 7 a . dy a 


TR (ate4hyarey °° de (ate yP 
Let us now apply this method of demonstration to the 
S (2) 
F(x)" 
Let # take the increment f, then 
incr. y=‘ Heth) 3/2 


ee 


F(7+h) F(z) 
_f@tbr(2)—S(a)r(2+h) 


remem rn 


F(z+h)F(a) 
Subtracting and adding f(z)rF(«), and reducing, 


Lf (2+h)—f(#)} F(@)— {F(z +h)—¥(2)} F() 
F(z+h)x(z) 


__iner. incr. f(«) X F(#)—incr, F(x) x F(z) 
R(x +h)r(z) 


Dividing both sides of this equation by h, 
ae) ‘ n(2)— 2) x f(z) 
= F(z +h)F(ax) 


As this equation is true for all values of 4, it will also be 
truc when A approaches 0, and then the limiting value of 


general formula, y= 








incr. y= 





incr. ¥ 
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incr. y_dy_ ners J (X) 2). 
{=a ; the limiting value of i a a and so 
on. 
Ste) (*) aia 
ty de (z)— x f(z =): 
"dx aa 


Multiplying both sides of this equation by dz, 
dfz) x (2) —dr(2) xf (2) 


ir(a) 


dy= 


EXAMPLES. 


- 1? gf y 
1. Let y= el? 
yet BEND X24 Y= Me? +1) x (829-1) 
aa (a? +1)? 
__Sxdz x (2? + 1)— 2xdzx(3x?—1) Sadzx 
(2? +1) (a8 41)” 
dy ___ 8x __ 
lx (a?+1)” 





then by the rule, 


_ dy Qa%e 


epg) ahas ay_ Qn 41 





xe+ atl? dz (224+2+1)* 
a dy —-_- 2x 
4, Let y=- eee then ae (a= iy 
_ dy _ 9 ®\8e—2z) 
5. Let al ecllama SEES, then de eet ~ (x8: Te fet 
6. Let then d;, dae 
€ Y= en I= Tapa 


dn 3 
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1+ 2? 4adxz 
re Let y= 1 a then *Y= Ter 





43. Rule'7. To find the differential of any power of a 
function, multiply together the index of the power, the func- 
tion itself with its index diminished by unity, and the dif- 
ferential of the function or root. 


Let y=23, where z=a+<2". 
When z takes the increment 4, let the increment of z be &, 
then we have, 


iner. y=(z +h P—2=(82? + 82k + hk 
=(32?+ 38zk +h?) (Qah+h?), 
because & or incr. z=a+(a+h)?—(a+a?)=2ah + h2, 


r, BE (82? + Bch+ M2) (20h). 


Now when hk approaches 0, & or incr. z also approaches 0, 
since the magnitude of & depends upon the magnitude of h ; 
hence, by making / approach 0, we have, 


dy 9.2 on 2)2 

dg x 2u=3(a+ x7)? x 2a, 

“. dy or d(a+2*=3(a+x?)? x 2adz, 
where 2adx=d(a+2?). 


Let us now consider the general case, y=2", where 


2==f(x). 
When z takes the increment A, let the increment of z be , 
then we have, 


iner. y=(z2+hy—2"= { nz) Om Mans k+ &ce. \ k. 


: . incr. y _ y 1 n(n—1) i 
:  — { ne™+ ive k+&e. ; 





Now when / approaches 0, 4 or incr. z also approaches 0, 
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since the magnitude of incr. z depends upon the magnitude 


of 4 ; then the limiting value of inh EI, and the limiting 


j pe or incr. 2 dz 
ae) aay | dx’ 


a dy n 102 7 an 
Oe pn Ne ay dy=n2"— dz. 





EXAMPLES. 


1. Let y=(a+br+cx?)’, then z=a+4+ br+ ca, 
o. dy=n(a+ bx + cau?) d(a+ ba + cx?) 
=2(a+ bx+ cx?) (b + 2ex)dzx. 
2. Let y= Va?+2?=(a? ~ 
 dy=a 422)" a2 +a2 \= fs, 
Vat+ x? 
. dy_ 
"* de Jai pat 


3. Let y=(1+2+4+27)%, then oY —3(1 +x -+x7)?(1+ 22). 





ears 2 
4, Let y= V 1423, then — zs .. 
(1+2*) 
5. Let y=(24+32?) (1—2?)3, then by fule 5, 
dy =d(2 + 32?) x (1 —2?)3 + d(1—2*?)8 x (24+32") 
= —6ax(1 —2*)?(42? + 1)dx. 

6. Let y=23(a+2)2, then dy=(8a+ 5x) (a+2)x*dz. 
7. Let y=(1 +2?)8(1+2)4, then 


dy = (4+ 6x + 10x?) (1+2?)? (1-+2)3dz. 
D4 
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3 
8. Let pees 2) then by Rule 6, 














1+ 2?’ 

_ 81 +2)*dax x (1 +2?) —2adz x (1 +2) 

a (cai 

_(14+2)2(8 —22 +4 a*)dx 

nC 

V a? — x? —a*dx 
9. Let ae then haar pn 

2 
10. Let y= —— then dy= aude ; 
a/1+24 (1 +24) 
11. Let Y= pays +2x)-*, then by Rule 5, 
dy=nx"—' dz x (1+a)*—n(1+2)-*"dz x x" 
__ nx"—'dx 
ae — 
ddx 

12. Let Y=Gasy zy then a Gea Zaye 
13. Let y= 3, then ag 

(l1—2zy 2(1—2) 

i= 
14. Let y=(1+2) (—z);, then ge 
2(1—z)? 
_ 2 dy_ 2nx"*— 
15. ee Soee then dx (a +1) 
we 24 a 

iPAdie= ee then ee De®) 


vs du 2a%(1—2) 
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MAXIMA AND MINIMA. 


44. The maximum state of a function, is that particular 
value which is greater than any of the values which im- 
mediately precede or follow it. On the contrary, a minimum 
state of a function, is that particular value which is /ess than 
any of the values which immediately precede or follow it. 

When a railway train starts, its motion is very slow; the 
speed goes on increasing until it attains a certain limit, which 
we call the maximum speed; and when the steam is being 
turned off, the motion becomes gradually less and less until 
it attains a minimum when the steam is being turned on 
again. 

In the circle, the sine increases with the are until it 
arrives at 90°, when the sine = radius, and afterwards the 
sine decreases as the arc increases until it arrives at 180°. 
In this case the sine is a maximum when the are = 90°, 

In fig. 1. Art. 49., pr is the maximum ordinate; and ine 
fig. 2., pris the minimum ordinate. 

These illustrations show, that just before a quantity attains 
its maximum it is increasing, but just after it has passed the 
maximum it is decreasing; and the contrary takes place 
with respect to the minimum. 

45. The following example shows that while x increases 
continually, the value of the proposed function of x increases 
only up to a certain value of x, and afterwards decreases. 

Let f(x)=62—2?, then we have, by actual calculation, 


values of x ....0, 1, 2, 3, 4, &e., 
corresponding values of f(x), 0, 5, 8, 9, 8, &e. 
Here 6x2 — z? ig a maximum when r=3. 


46. The following example shows that while x increases 
continually, the value of the proposed function of x decreases 
to a certain value of x, and afterwards increases. 

Let f(2)=2?+(4—z2)?, then we have, by actual calcula- 
tion, 

Bs 
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values of z...0, 1,2, 3, &c., 
corresponding valucs of f(z), 16, 10, 8, 10, &c. 

Here z?+(4—2)? is a minimum when r=2. 

The differential calculus supplies us with the means of de- 
termining the maximum or minimum value of any function. 

47. If a quantity changes its sign it must have passed 
through 0 or w. 

If a tradesman’s profit continually decreases from day to 
day until it becomes minus, that is, until he loses by his 
trade, then it is evident that his profit must have been zero 
before it could change its sign from plus to minus. 

The expression (a—2a)> is minus for all values of ,x less 
than 2a, and plus for all values of x greater than 2a. Now 
if we suppose 2 at first very small and to increase continually, 
this change of sign can only take place by 2 passing through 
the value x=2a, and then (x—2a)*=0.* 

Let a point B move along the line uc; then so long as the 
,point is on the right of 4, its distance 
from A is positive, when it arrives at A 
its distance is 0, and when it has moved 
on to the left of A its distance from A 
becomes minus, that is, the distance in 
passing from the plus to the minus state, 
has gone through 0. 

Let the ordinate Bc of the 
curve CGF move from the point 
A; then at 3b this ordinate has a 
plus value, when it arrives at G 
it becomes O, and at p the ordi- 
nate pF has a minus value, that 
is, in passing from plus to minus the ordinate has passed 
through 0. 





F 


* In like manner ——: 


1 2 
(z— vay? must pass through z=2a, in order to 





change its sign, and then -—-—, = ». 
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Se) 


48. If x increase continually, then ~—;— will be positive 


or negative, according as f(x) is ceneee or decreasing. 
In the function f(x), let x take the increment A, then 


x+h)—f(x).. ' ayes : 
Le a : —S(e) will obviously be positive or negative accord- 
ing as f(#) is increasing or decreasing, and this will be the 
case however small # may be taken, that is, the limiting 


fet M—Fe) 5. Pl 
h 


value o will be positive or negative 


according as f(z) is cea or decreasing. 

49. Let the ordinate BG, of the curve GNIJK, move 
uniformly from a towards F, and let the ordinate become a 
maximum when it arrives at the position p1 in fig. 1., and a 
minimum in fig. 2. Now as the ordinate of a curve is 
always some function of its abscissa, let z=akB the variable 
abscissa, and f(z)=xBc the corresponding ordinate. 





In fig. 1., the ordinate is increasing before it becomes a 
maximum, that is, f(z) is increasing, and therefore, by 


a) 


Art, 48., will be positive before the ordinate arrives at 


the maximum position. On the contrary, after the ordinate 
has passed the maximum position, it is decreasing, that is, 
df(z) 
dx 
negative after the ordinate has passed the maximum position. 


df (a) 


Thus it appears that “7 changes its sign from + to — 





J(«) is decreasing, and therefore, by Art. 48., will be 





in passing through the maximum position of the ordinate ; 


af (x) 


' therefore by Art. 47., “de =: when f(z) is a maximum. 


vn 6 
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Le) (2) 


passing through the minimum position of the ordinate, there- 


Similarly in fig. 2., ~~ changes its sign from — to + in 


d 
fore by Art. 47., P12) <0, when f(z) is a minimum. 


Hence we have the following rule for finding the maxi- 
mum or minimum value of a function. 

50. Hule. Find the differential coefficient of the func- 
tion f(z), and put the result equal to 0; then the value of z, 
determined from the solution of this equation, will be the 
value of x, which will render the proposed function a max- 
imum or minimum, should it admit of becoming so.* If, as 


— 


| there is a canine a maximum value ; and, on the con- 


x continually increases, - 





changes its sign from +to—, 


| trary, there is a corresponding minimum value if Hz) 


i changes its sign from — to+ : but if there is no change of 
ezign, the function does not admit of a maximum or mini- 
mum. 

51. The following considerations will frequently simplify 
the operation in finding the maximum or minimum value of 
au function. When a quantity is a maximum or minimun, it 
is obvious that any power, root, multiple, or part of the 
quantity, will also be a maximum or minimum. 


EXAMPLES. 


1. Divide a line, whose length aBn=8, into two parts, Ac 
and cB, so that their product may be 
a maximum. ‘ , ar Vaan 
Letav=ac, then 8—r=cez. Hence 
we have to make 
* Independently of the criterion here given, the peculiar nature of 


certain geometrical as well as other kinds of problems will indicate 
‘whether the proposed quantity admits of a maximum or minimum state. 
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Ka) =2(8 —x)=8x—2?, a max. 


Differentiating and putting the result equal to 0, 


dx 


solving the equation, 8—2z7=0, 
we find r=§=4. 


Hence it appears that the two parts must be equal to 
one another. This result may be verified by arithmetic; 
thus 3 X5=15, 6x 2=12, &c.; whereas 4x 4=16. 


2. To inscribe the greatest rectangle 
1GFD in the semi-circle ABFG, whose 


radius CF=r. a aS 
Let pF=a, then co=~7?—z?, and (mea 
Ip=2op=—2 Vr?—2? ;sx al ye 
*. area rect. IGF D=DF XID=22 V7?—z? =a max. ; 


therefore, by Art. 51., omitting the constant factor 2, and 
squaring, 


u(r? — x?) =r?z?—zt=a max. 


Differentiating and making the result equal to 0, 


2r274—422=0 ; 
2 r 
e , — 
ae =e and x = ~75 


3. Given the hypothenuse (=c) of a right-angled tri- 
angle ; to find the other sides, when the area is a maximum. 


Let x=one of the sides, then the other side= Vc? —z’; 
e Hi , Magy ye 
ee areca triangle= 5 Ae? x =za Max, 


x3(¢? — x?) = c?8z? —a* =a max. 
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Hence we find, as in the last ex., r=, and the other 


side = Vc?—2? = therefore the required sides are 


J e 
ala 
equal. 

4. In the given triangle abc, to in- 
scribe the greatest rectangle iK VS. 

Let aB=c, the perpend. cb=é, and 
IK=pF=2, then, by the similar tri- / [i ot ‘SS : 
angles ABC and KVC, we have, OR a os 





CD 3 AB?2 CF i KV 


b:0::6—z: KV=;(b—a); 


c 
.. area rect.=KV XI K=,(6 —x)x=a max. 


Neglecting the constant multiplicr, we have, 


y=(b—2x)x=be— x? =a max. ; 


or oY =) 2n=0 = n=. 
5. Required the length of the greatest roller 1IsvK 
which can be cut out of the given right 
cone ABC. 
Let AB=a, CcD=), and cp=2; then we 
have, by similar triangles, © ~~ 
CD > AB!:CP 3 KV 


ya 7 Sate %,KV=—. 


Solidity cy. 1svK=area base x length 
='7854 Kv? x1K 


"7854.0? 
= B2 











x 2*(b—x2)=a max. 
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Neglecting the constant factor, we have 
y= 2x2(b—2xz)=bx?—z?=a max. 
dy 


e ay _ aeevat 2 mee e _? 
=, dp Ot 32?=0, .*. x= 3b, 


2 1 
and IK=Cp—cp=b—ab= 4b. 


6. The perimeter, or sum of the sides, of a rectangle is p, 
required the sides when the area is a max. 


Let «=the base, then the perpendicular=} p—z, 
.. Area=a2(} p—x7)=}pre—x2?=a max. 


Differentiating, &c., we find =i p; hence it follows that 
the greatest rectangle is a square. 


7. A rectangular sheep-fold aBcD is to be built against an 
old wall pc, so as to enclose a given area, viz., @ square feet. 
Required its dimensions, so that it may be built with the 
least expense. 

Here the expense will be a 
minimum when the length of the 
walling CBaD is a minimum. 





Let z=aB, then ABXAD=a, .. AD=-, 
: 2a : 
.. the length of the walling =aB+2ap=2+~ =a min. 


2a —té«‘( , 
Let y=xu+ aie min. 


dy, 2a_ _ yar 
ee a and x= Vv 2a, 
but ap=~ = des 3a. 

4 6 (Qa 


He it follows that the breadth must be half the length. 
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8. Required the same as in the last example, when the 
enclosed space is divided into two compartments by a 
wall rq. 

Adopting the same notation as in the last example, we 
have 


the length of the walling =an+3ap=2+ "4. 
Hence we find ap=AB. 


9. A cistern, open at the top, having a square base, is to 
be covered with a sup. ft. of lead ; required the dimensions 
of the cistern when its content is a maximum. 

Let x= the side of the base, and z=the perpend. height; 
then the sup. ft. in the cistern = 2?+42z=a; 


a— x? 
4x’ 
and solidity of the cistern= area base x perpend. height 





oe o— 


= 2? x 2=1(ax—2z)=a max., then we have, 


y=ax—xz= a Max. ; 
- FY 2 
OP ae 32 =0, wa, /'s 


and z= 





act 
Ss) nie ¢ 
eae Fa 3 
anf 3 
Hence the height must be half the side of the base. 


10. To describe the least isosceles triangle axc, about a 
given circle, whose radius oP=OD=r7. 
Let z=co, then cp= Vz?—r", and 
from the similar triangles cro and cpa, 
we have 
CP3OP:: DC ; AD 


>) 
Vigi—rrs or stxe+er: aos 
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2 
* Area A anomapxpo= Wt") 4 min. 
V g—72 
4 3 
and y= tr si Ney @ min. 
27 L—T 


dy __ 3(2+r)? (x—r)— (z+rP_o 
* de (w—r)? 


“. 3(2+7)?(a—r)—(r+7r)3=0, 
. V==27, and cp=xr+7r=37. 


11. Required the altitude of the greatest cone abc, which 
can be cut out of the given sphere ADBC, 
whose diameter cp=2r. 


C 


Let x=cp, then PpD=2r—a, 

and Ap’=cPr X PD=2(2r—z), 
.. area base cone =a X AP?=r7(2r—7z), 
.*. solidity cone=4 area base x perpend. 





= 50%(2r—2)= a max. 


Differentiating, &c., 4r2—32°=0, ., r=4r. 
12. To bisect the triangle aBC by the shortest line pp, 


Let bo=a, Ac=4h, CP=a, and cp=y, 
then by the problem, 
area J ABC==2 area A PDC, 


“. $a0 sinc=2 x day sin C; P x 
*, 2xy=ab, and y= Se. A = 


Now, by Trigonometry, page 125., we have 


PpD’?=cP*-+cp?*—2cr.cD.cos C 


272 
at oad cos C= a min. 
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2A2 
Differentiating, &c., we have 2a— ors=9, 


. 4/2 niyeva, /% 
Jaa i ne me 


Hence it follows that cP=cD. 


13. Through a given point Pp within a given right angle 
ABC, to draw the line DQ which shall cut off 
the least triangle pBQ. 

From Pp draw PR parallel to Bc. 


c 
Q 
Let BR=a, RP=), BD=7; 


then DR=x—a, and by the similar tri- 
angles DBQ and DRP, we have 


DR: RP°:2 BD: BQ 








x—-a: 6:3: £2 3BQ= a 
s ee e =e 
Area A DBQ=iBD.BQ= an min 
ae i(a—a)y ‘ 
x? ; 
and y= =a min. 
xr—U 
dy 22(x—a)—2? 
-, Bae!) ~=0; 6 20: 


°* dx (z—u)? 


Hence it follows that the line p@ is bisected in the 
point P. 


14. The whole surface of a right cone is ¢ sup. ft.; re- 
quired its dimensions when the content is a maximum. 


Let w=the radius of the base, and z=the slant height; 
then we have, 


circum. base = 272; area base = 12? ; 


convex surface= 4 circum. base x slant height = zx xz; 
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.. Total surface cone = rz?+-crxz=c€; 


aa z= — @ 3 
TL 


.. perpend. height cone= VWz?—z? = See 
ag = 


Solidity cone =} area base x perpend. height 


4 c2 Pe 
= TX “3-3 a max. 
we oo 


Squaring and neglecting the constant factor, we have, 


c Cc 
yaw! (5-2) = 204 & max. 3; 
Tae~ T 


Hence it appears that the slant height is 3 times the radius 
of the base. 

15. Let 7 be the radius of a circular sheet of tin; it is 
required to find the dimensions of a sector cut out of it, 
which will form a conical vessel of the greatest capacity. 

Let # = the length of the arc of the sector. 

Now when the sector is coiled up so as to fourm the cone, 

x will be the circumference of the base, and r will be the 


slant height ; 


J * ‘. x Xr 
.. diam. of the base =-, and rad. base = — ; 
T T 


9 
T ce 
: se = X= 3 
and area ba a eee 
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2 

x 
. tle See Pe jee puoeie 
-. content = 4 area base x perpend. = § re Ag? 


=amax. Squaring and neglecting the constant factors, 


2 
y=a'(—F,) = &@ MAX. 5 
ey ee ee ee, ee 2 
c« dg" Hb — FP =05 ar w=2rey [5 
16. Of all triangles upon the same base a, and haviug the 
same perimeter 2p, the isosceles has the greatest area. 
Let x= one of the sides, then the other side =Zp—ua -x. 
By Mensuration, prob. 3., we have, 
area A= Vp(p—a) (p—2) (p—2p—a—x)= a max. ; 
*. Y=(p—2)(a+x2—p)= a max. 


Hence we find, by the usual process, 2=p—s, and the 
other side =2p—a—z=p—5. 


17. To inscribe the greatest parallelogram in a giver 
parabola. 


Let ABFG be the given parabola, and 1GFD the requirec. 
parallelogram. (See jig. to Ex. 2.) 

Put the height cE=4, and x=£Q, then by the property 
of the parabola, Art. 19., 


GQ?=4az, and .. GF=2~V 4az. 
Again, 1G=CQ=CE—EQ=b—z2. 
area IGF D=GF X1G=2V 4a2(b—2x)=a max. 


2”. y=x(b—x)?=a max. 


e dy — wy \2__ 9, ane eee 
oe Wao x)?—2x(b—x)=90, 
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es b — ane] 
“6 Hs, and cq=b—2=35. 


That is, the height of the rectangle must be two-thirds of 
the height of the parabola. 


18. To determine whether y=x?— 6x admits of a max. or 
rain. value. 

In the preceding examples the peculiar nature of the 
fizure has invariably indicated, with sufficient certainty, 
whether the proposed quantity became a max. or min.; now 
in the following examples we shall find it necessary to em- 
ploy the test of a max. or min. given in the Rule. 





yx’? —62; “= 22—6=0 
. 2s. 


In order to ascertain whether this value of x gives a max. 
cr min. value to y, we have to observe that 27—6 will be 
negative for all values of x less than 3, and positive for all 


values of # greater than 3; that is, 7 will be zncreasing as 


x is continually increased ; hence we conclude that y admits 
of a minimum. Or we may substitute 3 for z in the pro- 
posed expression z?—6z, and ascertain, by an easy trial 
whether this value of x renders the expression a max. or 
min. 

19. ‘To determine whether y=az—a? admits of a max. or 
min. value. 





Here Y= a—24=0, i nS 


Now a—2z will be positive for all values of z less than > 


a . at 
and negative for all values of a greater than 5; that is, “ 


70 DIFFERENTIAL CALCULUS. 


will be decreasing as x is continually increased, therefore 


a 
w= 5 makes y a max. 


20. To determine the maxima and minima values of the 
function y=323—z+e. 


dy _ 2 eae e mak 1 
Inne —1=0; ee =a. 


Where x=} makes the proposed function a min. and 
x=—t a max. 
x dy 1—zx? 
fF = ° We a OF mere Ne a 
uy e+)? °° dx (#?4+1)” 
2. l—2?=0, and e=+1. 


In addition to the criterion of a max. or min., given in the 
Rule, the following one may be advantageously used. 


Now if the value of 7 be decreasing, then it follows by 


Art, 48., that the differential coefficient of this quantity will 
be negative, which will therefore indicate that the function 
admits of a max.; and in lke manner it may be shown that 
if the result of the second differentiation is a positive quan- 
tity, then the function admits of a min. 


In the above example, put Y= CHT Ip then we find by 


differentiating, 
dy’ _2x*—6x 
dz eee 1)3 
If z= +1 dy he ah get eed a max 
aT BN pg ee a ; 
di : 
z= —l, oy +4, .. y=—d, a min. 


This process is equivalent to finding the second differential 


_ coefficient of y, or the value of a (See Art. 59.) 
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21. To divide a given number a into two parts, such that 
the third power of the one multiplied by the sccond power 
of the other shall be a maximum. 


Let x= one part, then a—x=the other ; 


“. Y=u(a—xe)=a max. 


° OY = 80% a — x)*—2%3(a—x)=0. 


“. 3a—dx=0, and cae, 


22. Let a ship sail from a given place A, in the direction 
AX, at the same time that a boat sets 
out from another place B to approach 
the ship; it is required to find the 
direction 1n which the boat must sail in 
order to come as near the ship as pos- Aaa %&% o¢ 
sible, the velocity of the ship being to that of the boat as m 
to 7. 


B 


Vr 


x 


Let p and P be the position of the two vessels when 
nearest to each other, then prs must obviously be a straigMt 
line. Draw BC perpendicular to ax, and put ac=a, Bc=8, 
and cp=a, then Bp= /3Bo?+cb?= Vb? +2? ; moreover, 


ADS BPii: min, pp (2t2) | 


m 
“. PD=BD—BP= V6?+2?— i a+2) +2) = min. 
Hence we have by differentiation, &c., 
Bei eG), t= os 
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23. Within a given parabola AEB, 
to inscribe the greatest parabola Gre 


having its vertex c in the middle of (ft 
the base AB, Fas % 
Let ce=6b, and EQ=a2, then, 
Art. 19., GQ?=4az, and .. GPF 
=2/4az. 
.. area parabola GCF=2 GF. QC 
=2 x 2/4ax x (b—2)=a max. 
. y=a(b—x)=a max. 


e dy _ 2 — 
oe Ig (O-*) — 22(b—x)=0, 


b 
. “or EQ=9; and QCO=CE—EQ=2 8. 


24. The corner A of a leaf is turned over, so as just to 
reach the edge of the page atc; it is required to find when 
the length of the crease rp is a minimum. 

Let apa, and ap=z. Join AC, cut- 
ting PD in F; draw FQ parallel to BC; 
then, since AD=CD, and AP=PC, there- 
¥ a 
fore AF=FC, AQ=QB=5, and / AFP= 
a right angle. Now from the similar tri- 
angles APF and PQF, we have, 





API PFI: PF: PQ, 


eee tae ote a 
oe PF=VAP.PQ = /«(2—-$ 


Again, from the similar triangles arp and QPF, 


Se ee 


25 
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x3 223 : 
e ve y= a "7 Opa min. 
2 
dy 62x?(2x—a)—423 


"de (a—aye = 93 


", 6x?(2x—a)—423=0, and r=3a. 


25. Find when the area of the part turned down is a 
minimum. 


AF=~V ap?—pF?= wae 





“. area APD=3PD.AF=—? _—_—__ =a min. 
2, /2-% 
Z 
: =a min x 2 
° I or eames i 


26. If z=b—az, represent the relation of the speed and 
traction of a horse, where z is the traction in lbs., and xz the 
rate in miles per hour; required the rate x so that the horse 
may perform the greatest amount of work. 

Work per hour = 52802z=52802(6—ax)= a max. 


“. Y=2(b-—azr)=bx—ax?= a max. 


dy : 
e ye a dame —2ar=0, ee as 
250 
If b=250, and a=413, then t=5 5 %41g (See Tates 


Mechanics, Art. 6.) 


EXERCISES. 


1. Divide 15 into two parts, such that the product of the 


less by the square of the greater, shall be a maximum. 
Ans. 10 and 5. 


4 
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2. The greatest rectangle inscribed in a quadrant of a 
circle is a square. Prove also that the same is true for the 
whole circle. 

3. Required the same as in £z.9., when the cistern is 
closed at the top. 

Ans. The vessel must have the form of a cube. 

4. Required the same as in x. 9., when the cistern. has 
the form of a right cylinder. 

Ans. The height must be half the diameter of the base. 

5. Supposing the vessel in Ez. 9., to be made of tin, and 
that it is divided into two compartments, what will then be 
its dimensions ? 

Ans. The height must be 2 of the side of the base. 

6. Required the altitude of the greatest cylinder which 
can be cut out of a sphere whose diameter is D. Ans. D./5. 

7. Given the same as in Lx. 13., to draw DQ so that BD+ 
BQ shall be a minimum. Ans. rnp= Vab. 

Next show that BD=BQ when the area of the triangle pn 
is a minimum. 

8. To find a point in a semicircle, such that the sum of 
the lines drawn from it to the extremities of the diameter 
shall be a maximum. Ans. The point will bisect the arc. 

9. Of all the cones whose convex surface is given (=c) to 
find that whose solidity is a maximum. 


Ans. The radius of the base = red eo. 
TA/O 


10. At what point in the line (=D) joining the centres 


of two spheres, whose radii are 7 and 7,, can the greatest 
3 
r’D 











amount of both surfaces be seen ? Ans. x= : 
re+7) 
11. The altitude of the least cone circumscribed about a 
given sphere is equal to twice the diameter of the sphere. 
12. If two bodies, a and c, move at the same time from 
two given points, A and ©, in the directions ac and Cp, and 


with the velocities m and 2; it is required to find the dis- 
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tance moved over by c, when they are at the least distance 
from each other. 
an(m +n cos C) 


Ans. 2=——- 
m?+n?+2mn cos C 





, where a@==ACc. 


13. The altitude of the greatest parabola that can be 
formed by cutting a right cone is } of the slant height of 
the cone. 


14. Required the base of the greatest rectangle which 
can be inscribed in a semiellipse, whose major axis is 2a, and 
minor axis 20. Ans. ar/. 


15. Let y=a?+32+2; to find when y is a max. or min. 
Ans. x= — 3 makes y a min. 
16. y=38x?—4z is a min. when z=2. 


_f-—2+1, : = . 
17. Y= sya 1 2 mn when x=2, and a max. when 
r= 0. 
18. y=1+32—2° isa max. when r=], and a min. when 
xg==—l. 


RULES FOR THE DIFFERENTIATION OF FUNCTIONS. 


[ Continued from page 56.| 


52. Rule 8. To differentiate a compound function, or the 
function of a function. If y=F(z), where z=/(x), then 
y dz : ; : é,\5 eat: 
YY XS that is, the differential coefficient of y is 
found by taking the diffurential coefficient of y with, respect 
to z, and then multiplying this result by the differential 


coefficient of z with respect to 2. 


First, taking a particular case in order to illustrate the 
2 


process of reasoning, let y= . or putting z for si 
? ~7T1 1. w\2? ee 
(+2) 1+2’ 


yz", 


76 DIFFERENTIAL CALCULUS. 


Now, when z takes the increment h, let z be increased by 
k, then 








: 2 
incr. y=incr. 2a = xk; 
incr. incr. 22. & 

ve = b xz---(1)5 


but iner. 2?=(2+4 k)? —22= 22k + k?, 








incr. 2? 
> =22+hk; 
and z=——~ ; 
1l+<2 
* incr. 2 Or pe th Oe 
ere “T+ua+h 14x (+a+h\l tay 
k 1 


**h” G+ath\1+z)’ 
substituting these values in eq. (1), 


incr. y__ 7 1 
Ee Ge ate) 





which is true for all values of 4. Now when / approaches 
0, k also approaches 0, for the magnitude of & depends upon 
the magnitude of 4; hence, taking the limiting value of 
incr. y 





i? we have, 
dy 1 . dz? dz 
— oo A meemniiennimienmenmeremeraat emncoum x meena, 
de 22 X +a)” that 18, ee 


dy 2 oe 
°° dz” 1l+2x2° (1+2)? (l+2° 


Generally, let y=r(z), where z=f{x). 


Supposing, as usual, z to become +-+A, 
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“1 
=I 


incr. F(z) 


incr. y=inecr. F(z)= ee 


x incr. Z, 


multiplying and dividing by incr. z ; 





. incr. Y _ incr. F(z) J incr. z 
er incr. 2 


As this equality is true for all values of 4, it will therefore 
be true when # approaches 0, that is, it will be true when 
the ratios are taken at their limiting values. But when & 
approaches Q, incr. z also approaches 0, since the magnitude 
of incr. z depends upon the magnitude of A; and then the 


limiting value of ——— as a, the limiting value of 
incr. 2 iner. f(x) df(x 
=p OF a a, and so on. 


dy _dr(z) x TX) | Wy dz 


ot de dz ey aa "OF ae” dx 
Ex. Let y=at+a"*— J/a4+x".* 
Here, putting z for a+ 2”, we have, 


pe (ae : 


dy Bz Waa 








dy _ dy. dz 7 1 ; 
** da dz dx a7} 
In practice the operation may be conducted after the fol- 
lowing manner ; — 


dy=de—~ = ={1-— fase 
oz 


® This may also be differentiated hy rule 7. 
E 3 
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but z=a+a2"; ». dz=nz" dz; 


] 
- 2V/Va+a" 


° dy _ 1 r2— } 
wire Jane Vi : 


, As exercises on this rule the student may work out any of 
the examples under Rule 7., which is merely a particular 
form of the one here given. 


dy | 
53. Rule 9. If y=/f (ax), then = a 
dy 


First, as an exainple, let y= = then solving this equa- 
; l+y . ; 
tion for x, we find x= . thereby showing that if y be a 


function of z, then 2 must be a function of y. When z takes 
the increment #, let y take the increment &, then 





_ltyth lty_ ke, 
incr. x or A= aug Sy —GyEBy 5 
incr. yk —k 
t =) =kh~— k)y 
but —> Gibg Tee 


Now when / approaches 0, & also approaches 0, hence we 
have by taking the limiting values, 


dy 
dx 


eee y? or - da ‘ 
dy 

Let us now take the general function y=f(z). It will be 
readily understood, since y is a function of a, that x may be 
found in terms of y, or what is the same thing, 2 must be a 
function of y. By simple algebra we have 
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incr. y 1 
incr. 2 incr. £ 
incr. ¥ 
incr. oy 
Now as y is a function of z, the limiting value of - eget 
dy : h ; 
or 7» may be found when incr. x or h approaches 0; and in 


like manner, as 2 is a function of y the limiting value of 
incr.@ dx 

icy or dy’ may be found when incr. y or k approaches 0, 

which it does when /# approaches 0; therefore taking the 
limiting values of both sides of the equality, we have, 


MR coe 

dae da? dy~ dy 
dy dx 
EXAMPLES. 


dx 

ee i a 

1. Let y=2?+ 37+ a, required ay 

Here we might find the value of x in terms of y, and then 

proceed to determine the differential coefficient by the pre- 

ceding rules ; but the process, in general, will be much more 
simple by the present rule. 


dy _ ,. de_ 1 iil 
: =22+ 3, ee dy dy 22+3° 
ax 


In practice the operation may be conducted in the follow- 
ing manner ; differenting the proposed function, 
dy=22 dx + 3dx=(22+4+3)dz ; 
dividing each side by dy, 
dx dx 1 . 
Pe ae ee dy 2a+3° i 
E 4 
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dz 
2. Let y=az +c, then a : 


3. Let Y=T =’ then j= 0—2) 


a 
dy nz*'—] 
_ ¥ dy_(1+y) 
5. Let as Sr, then da yi42y" 
54. Rule 10. To find the differential of an exponential 
function, multiply together the hyp. log. of the base, the ex- 
pgnential itself, and the differential of the exponent. 


4. Let y=a"—2, then 


If y=a*, then dy=log, a. a*dz. 
Let x take the increment h, then we have, 
iner. y=atth— qt—a*(a*—1)... (1). 
Developing by the binomial “a a'= {1+(a—1)}? 
a 





=1+h(a ae a a (a—1)?+&c. ; 


== siden —1)+ &e. 
Substituting this in eq. (1), and dividing by A, 


SY mar (a—1) + yy (a4 SE) (a1) + Be 


Now when & approaches 0, the limit of se y =; 





- oY a? {(a—1)—}(a—1)?+ }(a—1}8—&e.}. 
But by Art. 9., (a— 1)—}(a—1)?+}4(a—1)3—&e. =log,a; 


- Y log, a. a’, and dy = da* = =log. a. eda 


a Pa tad 
p= anes AOE cay, ee ge peti ater 
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If y=a*, where z=/f{(x), then by Rule 8., 


dy _da* dz _ ink az | 
du dz dx °&%- * de’ 


°, dy=da*=log.a. atdz. 3 
Cor. If e be put for a, then, since log, e=l, we have, 
de* = e*dz, 
that is, the differential of e7 is the product of e* and the 
differential of the exponent. 


EXAMPLES. 


1. Let ye”, then dy=e*™d(x?)=2ze" dx. 
2. Let y=e™, then dy=ne""dz. 
3. Let y=a™ +7, then dy=log, a. at™**d(cx* +2) 
=log, a. a™’**(8cex? + 1 dx. 
4. Let y=a2"e", then by Rule 5, 
dy =nx"—'dx x e&§ + edu Xx "=xz"-le*(n+ x)dx. 
5. Let y=e*(x—1), then dy=e*xdzx. 
6. Let y=e*(z?—2xr+2), then dy=etr-dz. 
7. Let ’=Ty then oY Gye 
8. Let y=(1+e7)", then we have, by fule 7., 
dy=n(1+e7)*"! x d(1 + e7)=n(1-+ e*)"—e*dz. 
9. Let y=(x+e*)?, then dy=2(a + e*)(1 + €*)dz. 
55. Rule 11. To find the differential of the logarithm of 


a quantity, divide the differential of the quantity by the 
hyp. log. of the base x the quantity itself. 


If y=log, 2, then d, U= sary 


a.x 
gE 5 
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Let x take the increment hk, then we have, 


ath *) ; 
- =log, (3 Bae P4 


_ incr. y_1 il 
ee ae 7, 10a (1+ “\=. 7 “ log, (1+! ) 


tee tidy 


‘Now when h approaches 0, the limit of 


incr. y=log, (x +h) —log, z=log, 





incr. Bot ee, 
ie ea and by 


h A ] 
a 23. Ex. 13., log, (2 +5) =log, o=loreg: (see Art. 9.), 
dy_diog,x_—s il 


ee 7 a as ee x nee aoe ioe ae a.x 


Or thus :— From the nature of logarithms, x=ay, there- 


fore by Rule 10, dr=log,a.aY dy; .. dy = 


If y=log,z, where z=/f(a), then by Lule 8, 


————— 


dy_d log, 2 dz dz_ 1 ye 
dx dz “dx log,a.z * da? 


dz 


and dy=d log, sas ea 


Cor. If the base be e, then log, e=1, and 
dz 
- d log, coe 
that is, the differential of the hyp. log. of a quantity ws equal 


to the differential of the quantity divided by the quantity 
itself. 
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EXAMPLES. 
d(cx?) | 3dx 
pat 3 = — 
1. Let ¥Y =log, ex, then dy= log, a. 2. cx ~ log, a.x 
d(a+x)_ 


2. Let y=log, (a+), then dy= ———+ aie =<. 
d(1+2x*) 2xdx 


3. Let y=log,(1+2*), then dy=—| +a? Ita? 





dy_mn 
4. Let y=log, az*, then ae 


5. Let y=log, fx+(a2—1)3}, then 


dla+(a—1)'3 _ _dxt+}(a2—1)''2adz 
2+(22—1)! x-+(a2—1)? 


dy= 


_ U(et-1)+ehde de 
(a2—1)"{24 (22-1) (22—1)" 











6. Let y=log, Fiat log, (1+27), then 
dja Oe a 
vp 1+a2 x1 +a%y 
1+ _ 2dz 
7. Let y=log, ;—> then dy=7—"5. 
Vz?+1—1 _  2dz 
8. Let y=log, Jeet then dy= = ai 


z 6 
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9. Let y=2" (Jog. a—-), then 


l\ , dx 
dy=nx"—'dx x (10g, 2-5) + x a 
=n" log, x dx. 
10. Let y=a(log, x)", then dy=(log, x)"—" {log, x +} dz. 


d. 
11. Let y=e* log, z, then dy=e* dz x log,#+ = x e* 


=e{ loge +> bee. 
4 
2 





ax 
. Let ye 7, then dye! 


em —] 
13. Let y=l0g. ayy = lose (e* — 1) —log (e7 +1), 


edz edu _ 2edx 
then y= ei e+ 1 


Jf l+2 
14. Let y= oe 


A complicated product may often be conveniently differen- 
tiated by first taking its logarithm. 


log, y=x+4 log, (1+2x)—3 log, (1—z); 


_ gs dx _2—zx°? 
+2 - l—x 1—2? 


, dy. 2-2? l+z 2—2° 
tae (om AN) Tae” eet 


15. Let y=e", then log.y=2z log,z, 


~ FY _ 





ar crear 





d. dy 
=dz.log,r+2z. —, oe cE =a*(log.x +1). 
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56. Rule 12. To find the differentials of the trigonome- 
trical functions, sin z, cos 2, tan z, &c. 


d sin x=cos x dx, d cos x= —sin & dz, 


d tan x==sec *x dz, &c. 


(1.) Let y=sin 2, then if z takes the increment h, 
incr. y=sin (w7+h)—sin x22 cos (2+) sin . 
by Trigo. Art. 32. page 121. 


as Incr. y 4 
. a =c08 (2+5 ay 
5 


Now when f/ approaches O we have at the limits (Art. 28 
Ex. 17.), | 





. A 
sin — 
2 incr. y__ dy 
h =i; and ay dr 
2 
es dsin x _ 


and dy=d sin x=cos z dx. 
If y=sin z, where z=f (2), then, by Rule 8, 
dy _dsinz_ dz 


— ——_ 


de dz dx 


and dy=d sin z=cos zdz. 





dz 
=cos 2X da? 


(2.) Since cos #=sin (5-2); ~ 


. T Tr . 
., dcos x=d sin (5- ) = €08 C- ) d (5-) 


— yn Ty ar — sin rd, 
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And generally, d cos z= —sin zdz, where z=/f (2). 


(3.) Since tan z=", then, by ule 6, 
cos x 


d sin x X cos x—d cos x X sin #& 


d tan x= - 
cos 2x 


__ (cos 2a+8in 2x) dx dx 


. = 5, = sec 2rdzx. 
cos 2x cos 2x 





And generally, d tan z=sec?zdz, where z=f(2). 


kort dz 
(4.) Similarly d cot z= er 


From these cases the differential of any other trigonome< 
trical functions may be readily found.* 


* The method of infinitesimals invented by Leibnitz enables us to 
arrive at these results, as well as those in Art. 58., 
with great simplicity. Let c be the centre of the ee Oe 
circular are ap, of which pn is the sine, and cn the 
cosine, the radius ca being unity. Then, according 
to this method, we may suppose qQ to be taken so near 
to p that PQ may be regarded as a straight line, per- 
pendicular to cr. 

Let arp=s, PN=y, and cN=2z; then rq=ds, it 
being the indefinitely small increment of s; similarly .@g=dy, and MN 
or Lep=—dz. By the similar triangles rxq and rnc we have 





PQ2LQi. CP ICN; 
ords:dytilia, [iif oe 
2 wrx dx . dy=zx x ds, that is, d sin. s=cos, s x ds. 
And rQ: LP ii cr? PN, 
: ords:; —dr::liy, 
° “pimxx .. a= —y x ds, that is, d cos. s=s —sin. s x ds. 


Again, from the equation dy=.2 x ds we have 





dy A ‘ dy 
ds = —Y _, that is, d sin —y=_Y_, 
= a at is, d sin —ly er 
And from the equation dr= —y x ds we have 


dx dx . ax 
sacle a FS" that is,d cos— z= — Aer 
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EXAMPLES. 


pms 


. Let y=sin nz, then dy=cos nz x d(nx)=n cos nxdz. 
2. Let y=sin®z, then by Rule 7,, 
dy=3 sin’x dsin «= sin? cos x dz. 
3. Let y=(cos x)", then dy=n(cos 2)"-! x d cos x 
= —n(cos x)“ sin x dz. 
4. Let y=sin 27 cosa, then, by Rule 5, 


dy, ° . 
a2 cos 22% cos x—sin x sin 2r 


=cos 2x2 cos x+cos 2x7 cos x—sin 2x sinz 
=cos 22 Cos 2+ cos 32. 
5. Let y=2—sin x cos a, then dy=2 sin? x dz. 
6. Let y=e™ =, then dy=e™* d@ sin r=e™ = cos x dz. 
7. Let y=log, sin 22, then, by Rule 11., 


dsin2r 2 cos2xrdzx 
y= —_—_ —_ = 
sin 2z sin 2x 


8. Let y=log. p / tens | 


=1 log, (1+sin z)—} log, (1—sin z), 


© dyay Ke tsin 2) dd —sine)_ de 
i ie aa ae 2 1—sinz cosx 


=2 cot 2x dx. 


~ 2 l4sinz 





In a similar manner the other differentials may be obtained. It must, 
however, be observed that the correctness of the results, obtained by this 
method, arises from the principle of the compensation of errors. The 
first error that we adopt is, that PQ is a straight line perpendicular to cr. 
Now as this will be more and more nearly true as the are PQ approaches 
O, we compensate for this error by taking the magnitudes depending 
upon Pq as if eq were really 0. This method invariably leads to correct 
results; and, with due care, it forms one of the most powerful instru- 
ments in the application of the differential calculus. 


88 


1 
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9. Let y=lo A / 1—cos x = Ore dy __ of 
Coe 1+ cos 2” then dx sing 


dy__ntan"—'z 
0. Let y=tan" z, then ao eae 


d 
1. Let y=tan x—2z, then “= tan? 2. 


dy _ sec? 2x 


12. Let y= “tan 22, then 5~= 


dy tan 2x 


13. Let y=cos? x—sin? a, then dy=—2 sin 2x dz. 


1 








4. Let y=sin x cosz tan x, then 
log, y=log, sin x+log, cos x+log, tan x ; 
. dy_cosxdx_ sina dx dx 
"" y = =sing cosx cos’ tana’ 


, Bog t to—t a 
ee Agree Cee an ®y COt rT — ane+ so, 


15. Let y=a"™*; .. log, y=sin x log. 2; 


at 00s. nde x log, «+= sin 7; 





ea ee > sin x 
ss - al [ cos # «log. #+ : |. 


16. y=e@™ sin 72, OY eat (@ sin ra+7 CO8 Tz). 


17. y=e* sin™2, oy =e* sin”! a(sin +m COs 2). 
. 4 dy 
18. Let y=sec x; required de 


=sec pate then, by Rule 6., 
COS & 
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dy _sinz_sinz 1 


——" semene 


——_ = ; =tan Zz. sec 2. 
dx cos’*x cosx cos2 








After the same manner prove the following formule : — 


d(versin 2) _ Pons 
dx = : 


d cosec & 
-—— ==— cosec 2. cot &. 
dz 








57. Notation of Inverse Functions. If y= F(z) be called 
he direct function, then x=r-—(y) is the notation expressing 
he inverse function. Hence, if we have given the inverse 
unction x=f—(y), we immediately return to the direct 
anction y=/f(x); thus if y=sin—'z, we have sin y=; 
hherefore the expression sin —'x indicates an arc whose sine 
s x, and so on to other inverse functions. 


58. Rule 13. To find the differentials of inverse trigono- 
aetrical functions. 


dx 


/ qi— ay 





(1.) If y=sin az A’ then dy= 
For if y=sin-" .*, sin y=" 5 


.. @ sin y=; o. COS Y dy =" : 











4 dx _ au dea 
and t= Cos y avi nen sity =, ype V ai —a2 
=e, 
(2.) if y=cos ed then dy=——_—___— a 
I= a YJ aia 


7 


x : as 
For cos 2 =Fi 7. —siny dy=—~ ; 


ps Se —de _ —d« 
oe Y= @ sin Y @/1—cos’y  n/qQeage 
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udz 
(3.) If y=tan -*, then dy= - ia 


x dic 
For tan v=; .°. sec? meee! 
a ec? y dy a 





 dyx—t_ ae 

x. 1 I=] secty a(l+tan2y) a?+27" 

x dx: 
lar] have d lee 
Similarly we have d versin oie 
f 
\’ 4 and d see == ae ° 
fan (i A Lr/72— Gg? 


In these formule the radius of the circle is a in reference 


to the arc x ; but they are at once reduced to radius unity 
by making a=1; hence we have, 








dx 
a —! Cl 
dy=d sin C=, = eee (1.) 
—~—dx 
dy=d cos—' x==—————... .. (2. 
Y x Vln ( ) 


ae 
—]) 
EXAMPLES. 
=§1 as ees cee to fi dd: 3 
1. Let y=sin Wize o find dy 


— ee 


are ; differentiating we find, 
x 


COS ¥ ay J/1 422 (1+22)! 


ee dy= : x a 


Cosy (1 472i 


*. sin y= 
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pe ernie ee eT oey 2 l 
But cos y= /1—sin? =a/ 1-7" OIL 
¥ sin’y 1+ 2? (1+422)2” 


hence we have by substitution 


dx dx 


dy=(1 2) x = —._. 
ee (1+a?)3 1 +2? 





Or thus, by the immediate application of formula (1), 











x x 
where we must put ia for x, and .*. Ina for x2, thus 
we have 
x x a? 
= n—! aad j=; )+ 1 ae 
ee 
l+a7 
1—7 | 2dx 
ee ne as Se 
2. Let y=sin ipa? then dy laa 


The following examples admit of concise forms of solution ; 
at the same time it should be observed that they may all be 
solved by the methods given in £2. 1. 


3. Let y=cos— (423—3z), then cos y=425—32; 


hence by Trigo. Art. 31, p.121., a=cos” 


and y=3 cos~' z, 








3 
—3dzx 
-. by formula (2), dy=—_————.. 
y C73 
4, Let y= sin—'(38%—4z3), then dy= al ° 
VS 1 — 22 


aS. Arr! x 





2x 2Qdx 
an —] — F 
5. Let y=tan tow then dy= 73 





6. Let y= sin—'(27—1), then dy= i= 
c= 
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SUCCESSIVE DIFFERENTIATION. 


59. In the preceding articles we have framed a system of 
rules whereby the differential coefficient of the ordinary 
functions of x may be calculated; this differential coefficient 
we have defined to be the limiting ratio of the increment of 
the function to the increment of the variable x, and have 
: d, d ; 
designated it by the symbol Az), or “e where y is put tor 
f(x). This symbol represents an operation, which is given 
for each particular form of the function in the rules already 


established ; thus if y=", we find - by decreasing the ex- 
ponent by unity and multiplying by x, that is, oY nat, 


and so on to other cases. But this operation may be re- 
peated until the expression operated upon becomes zero. If 


di ° i 
7 represents one operation, then by an extension of the 


2 
meaning of the symbol, 90 or more concisely a will 
d*y 


represent two operations ; and generally aes will symbolise 2 


operations; hence this symbol is called the mth differential 
coefficient. For example, if y=2z” we have 


dy _ , ey _ 8 
no” 2 =n(n—1)2" : 
By _ n—3, 
ian =n(n~- 1)(n—2)x"-%, and so on. 
cy bois Ges M4 =e) Ae = ly 
2x1” EXAMPLES. 


1. If y=az3 +22, then oY — 3ant-+ 2a, 
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4 
Y — 60x42, 7Y 6a, and +4 =o, 


dr > dz dx* 
2. Let y=a— bz, then oy — —2b. 


3. Let y=at +23 +2424 1, then i=l. 2.38.4. 


4, Let y= =e, then 


dy _ 3 PY _ ay _ 
gO gare 8h ga eae 
dty 2.3.4.5 
7 Fi? 3.4. 5x$=—__—-, hence generally we have 
any _(—1})"2. 3.4...(r+1) 
dx™ ant2 ‘ 
ae dy 242(1—z?) 
. 5. Let I~ Tra then dx3 (1+a2)* ° 


6. Let y=e+0(2—a)’, then $%=n(n—1)..-2.1.8. 


2 dy © 
7. Let y=a”, then dg Be2 . a*, 


oe =log,a.log,a . a*=(log,a)?a*, and so on, 


t 


ay <= (log.4)*a*. , a # 


8. Let y=e**, then ay =mie™, 


dx* 
9, Let y=2"e*, then 


Ona Nee + ahem (a na )er, 
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= {nx*—| + n(n — 1)a*-*} ef + (a" + na—")e* 
= {2"4+2nz"—| + n(m—1)a"-?} e* 


10. Let y= ze”, then oY 4=(8 +a)e”, and gencrally 


| 
a ‘ i" 
“An” \ } SY (nt ayer 


In Lagrange’s method of derived functions, the symbol 


dftx) 


JS'(x) is used in the place of ae? and is called the first de- 








OO , 


rived function; f’(a) is used in the place of af cts 2) , and is 


\ called the second derived function, and so on, f*(x) being 


a“f(x) 


the nth derived function, and equivalent to aa 


MACLAURIN’s THEOREM. 


60. If y=/(x) admits of being expanded in the ascending 
positive powers of 2, let 


y=a+Br+cr? +234 &e. 


where A, B, C, &c. are called constants, the values of which 
we proceed to determine. 


By successive differentiation we have 


d: 
=B + 2cx + 3px? 4+ 4E73 + &e. 


d? 
FgH2C+2. 8.De+8. 4, Ra? + ke. 


d3 
ee 3.p42.3.4ur+&e. 


&c. = &e. 
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Now since A, B, c, &c. do not involve z, they must remain 
the same whatever value may be given to 2, Make x==0 in 


d d? 
these several equations, and let (y)o, ( ae ) (GS). , &c. 


y dy 
represent the values of y, d _ de® &c. when a is taken 0, 


then we have 


_,. (WY _.. (PY\_ 
(y)o=A3 a) qe == 20, 
dty a3 
ae o= (54) = 1.2? (3 J eaten, 


dy 
a p= (3). ee and so on. 


Hence, by substituting these values of the constants in the 
assumed equation, we have 


d?y dy x 
Y= =)ot (2). it (aa). 3 7. at (3 ; ° 1.2.3 +&c. 


This development is commonly known by the name of 
Maclaurin’s ‘Theorem.* 


Application of Maclaurin’s Theorem to the development of 
functions. 


61. Let y=(a+2)"; 
then making x=0, (y))=a@"; 


* Adopting the notation of Lagrange (see page 94. ), this theorem Y 
may be written, 


Fl2)=fO) +f (0). i+ FO). 5 +f"). +- = zt &e F 
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dy = dy 
a =n(a+an), .* (3) sna; 


@ d2 
Fa=mMn—1) (ates, 2 (GS) a(n Dar; 
&c. = &e. > &c. =&e. 


Hence, by substituting these values in Maclaurin’s 
Theorem, we have 


n(n — 


y or (a+2x)*=a" +5ae7 e+ me 2 y? +. &c., 
which is the binomial theorem.* 


62. Let y=log,(1+2) ; 
then (7/))==log, 1=0; 
differentiating by ftule 11, 


ot. (#) a1; 
dx Tee ; 


ay Pao (ay os 
ae? fad ee ~ 


oi= wes : Ga) = = 


and soon. ‘Therefore, by Maclaurin’s theorem, 


: a i 
y or log, (] +2)=t—%5 +34 + &c. 


=e 


log, x=(x—1)—3(#—1)? +} (a—1)8§—-1(2#—1)' + &e. 





Cor. Putting x—1 for x we have 


__™ Although this theorem has been used in establishing the rules of 
ifferentiation, yet it will be instructive to see how the differential cab. 


pulus may be applied in proving the binomial 
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63. Let y=a’"; 
then (y),=a°=1; 


differentiating by rule 10, 


dy _ 2 . (4 _ 
— a", (a =log.as 


yet (log.a)%ar a. Ae (2). =(log,a)? ; 


TY — Clog ne re (= ylog.a)". 


ray 4 1O8e! = x Coe) ~ 4 (Bet) et)? - et &e. 


64. ‘To expand sin x and cos « in terms of the arc x. 
Let y=sin x, .°. (¥)o =sin O=0; 
differentiating by rule 12, 


Le Ey. cars (3 =cos O=1; 
‘7 0 


dx 

oo = —sin L , (52) = —sin O=—0; 
0 

os —COS X, .° EE = —cos O=—1; 


nd so on; where it is obvious that all the even orders of 
ifferentiation will become 0, and the odd ones alternately 
Ins and minus, 


x Fi 


fers 1 os ae 


.. sin x=27~— 


Differentiating both sides of this equality, 


at 


cos a= 1— 354+ 75-94 on 
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65. Let y=sin—"'2z; 
then by Art. 58., eq. (1), and expanding by the binomial, 





dy _ 1 “4 
a Fa x*) 
1.3 1. 2n— 2a 
=1+30+5-—4 at+ eae eS + &c.. cal ) 


Differentiating this equation for 2” times, and then making 
x=0, we shall obviously have, 


datly\ 1 on—1 
(Sant), ait on ) 2n(2n—1).. +21, 


Hence the general term of Maclaurin’s theorem is 


dnrly ot coe eel -3.- . (2n—1) gent 
ax}, °1.2...(Qn+]l)” 2.4...2% "Qn+V 





Therefore taking ” successively = 1, 2, 3, &c., we obtain 
the 3rd, 4th, &c. terms in the development. Moreover we 


have (y))==sin—'0=0, and from eq. (1), (¥) = 1, 
0 


1) 1-38 2 1.8.5 2 


. — 
“ sin"w="2+ 7-9-3 t+o-4:5ta 7a 76° 7 Tt & 


Developments of this kind may often be obtained more 
simply in the following manner. 


Assume y=Apn+A,U+Aqr*+ &e. 


v Daa 42ag4 3A gx? + &ec. us 
‘ 
= i ae “= 3 + es sb 


as ys =4 


Equating the coefficients in this ¢ expansion, with those in 
eq. (1), we have, 


A,;=1; Ag=0; 34,=3, .. Agoh- 53 Ay=O0; 


bapa :. “As =5—] - —! 53 and so on. 
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Moreover when z=0, Ayp>=(y)o=sin—'0=0. 


Substituting these values in the assumed equation, we find 
the same expression for sin-'z as that above given. 

Cor. The length of a circular arc may be readily found 
by means of this series; thus, let the arc contain 30°, then 
sin-!z=are 30°, and 


.. x or sin30=4; 


1 1 ] 1.3 
Bee are 80=5 +79 - 3” a3 to Sea the 5235698 &e. 


But the arc 30° is 7, of the whole circumference, 
.. circumference to rad. 1=='523598 x 12 4 
.. circumference to diam. 1 = 3°14159 &c. 
66. Let y=tan—'z; 
then by Art. 58., eq. (3), and dividing, 


dy 1 


Hence we have by successive differentiation, 


d@? 
So — Pet 409 — 6x? + Be. 


d3 
Figs 248. 405. Gat + Ke. 


ay _ Seat 
dai 2.3.47—4.5. 62 + &e. 


WY 9 .3.4-3.4.5. Ga?-+ Ke 
ax ° e —$. ~o. 6a?+ Cc. 


&c.= &e. 
Now make x=0, then (y),=tan—'0=0; 


dy) 1, (49 (as ~2; (G4) =0 
(ae) =15 (Gas) = 
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PY _»9 .3.43 andsoon. Substituting these values in Mac- 
dz 
laurin’s theorem, 
223 2.3. 425 
y=*~ 5 3t9-3.4.567 % 
x od 
Bi cin LN 
r tan a=7 gts &c., 


which is an expression for the length of an arc in terms of 
its tangent. 

This development may also be obtained, by differentiating 
both sides of Maclaurin’s theorem, in order to derive the 


d 
value of ae and then equating the coefficients of this series 
° e ° dy e e 
with those in the series for 7° just given. 


67. By Art. 8. Cor. 1., we have, 
xe x4 
e™=1 +2+5 475-315-374 37 a + &e. 
In this expansion put e/—1, and —xV/—1 successively 
for zx, then 


= 2 gS f—] x 
Tal+eV=1-9 “gg ta ga the 


ee gt BVI ont 
V3 —= YP ev—-l we 
et -1=1-avV —1— 9 +93 +59 -G— &e 


first adding these equations, and then subtracting, &c., 


Vr1 2 ae ee _ eee tod 

enV 4 =2f1 Sty ay Be. | 
=2cosz...(1), by Art. 64. 

Os OT LN i i ee 

cial aaa 2 ife 9.3+9-3.4.5 &e. | 


s=20’—] sing... (2), by Art. 64. 
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Adding (1) and (2), and dividing by 2, 
eV—-l—cosr+ /—1 sina... (3) 
Subtracting (2) from (1), and dividing by 2, 
eV F1—cosz—/—] sina... (4). 


Cor. 1. Hence from (1) and (2), we have, 
, eV 4 e-2V=i 
5 ) 
erv=1 _ enV 
2/—1 





cos = 





and sin z= 


Cor. 2. Dividing the latter cq. by the former, 


1 etV-1__ e—v=1 1 e2ev—-1_] 
tan = PEN ra SY ee — SESS 
V1 eV peel f/f ] e2*V-14 


, These remarkable formule were discovered by Euler. 


~ 


i Cor. 3. In eq. (8) put zz for 2, 


I ee 
. vo 


*, cos na+ WV —I sin nv=e"™—1=(erv—1y" 
‘al! 
i 
'. This is called Demoivre’s Formula. ° 


i 
ii 
' 


‘| =(cos x+ /“—1 sin x)", from (3). 


TAYLOR’S TITEOREM. 


68. Let f (x) = az"+ b2"+ ca? + &e., 
where n, m, p, &c. may represent any constant quantities, 
whether integral, fractional, positive, or negative. 
Let x become 2+h, then we have, 
S (at+hj=a(athy+b(a+h)"+ ca+h)+&e, 
expanding by the binomial theorem, and arranging the 


terms according to tle ascending powers of A, 
F 3 
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h2 
f (a+ h)=ax" + naz ; + n(n—Il)ax—? jp tke. 
ba™ mba) m(m—1)ba-? 
cx? pea?) p( p— 1)cx?-? 
&e =&e. &e. 


Here it will be observed that the first column in the 
expansion is the proposed function f(a); the second column 
is derived from the first by differentiation ; the third column 
is derived from the second by differentiation ; and so on, 
any column in the series being derived from its preceding 
column by the process of differentiation, 

r Sathya (2) + hy OF) hk? @Bf(r) 18 


i ae Lo ae ee 


This important development was first given by Dr. ‘Taylor, 
and hence it is called Yaylor’s Theorem. 

The following proof is usually given by writers on the 
differential calculus : 

69. Let y=f(xr+h), where x and h are independent of 

dy di 

each other, then = ae ; the former being the differential 
coefficient of y on the supposition that x is the variable, and 
A constant ; and the latter that # is the variable, and 2 
constant.* 


* Puts=a2+h, .”, y=f(s), then by Rule 8. 


dy f(s) ds_df(s) 
dr ds “dx ds’ 
ds d(rth) dz 


because ast ae ae l. 


dy _df(s) ds_af(s) 
Again, n> as ‘dh™ dhe’ 


ds_ d(r+h) dh 

dh dh ah 
df(s) 
ds *° 





because — 


- dy _dy 
n= oh cach being equal to 
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This principle depends upon the circumstance that 2 and 
h are involved in precisely the same manner. The following 
illustrations will render the truth of the principle sufficiently 
apparent. 


1. Let y=a(a+h)"+5(a+h)"+ &e. ; 


eo oy =na(x+h)*"!+ mb(2+h)"— + &e. 


and uy 7, ale +hy-!+mb(a+h)"1+&c. 


. dy_dy 
°* dx dh 
2. Let y=log, (w+h) . sin (x +h). 


dy d ] ' 
os Fe dh ath sin (x2+h)+cos (x7+h). log. (x +h). 


Let us now assume, 
S(at+hy=f(a)+nhe+rh’+ Qh’ t+ &e., 


Where the quantities N, P, Q, &c. are functions of x not 
involving A, and a, b, c, &c. are constant indices which 
remain to be found. None of these indices can be negative, 


for if any one term were of the form rh-¢=—, that term 


he” 
would become infinite when A=0, while the left hand member 
of the equation is reduced to f(x). All the exponents there- 
fore being positive, they may be supposed to be arranged in 
an ascending order, that is, a>6, 6>c, and so on. The first 
term, as in the assumption, must be f(x), for when h=0 we 
must have the equality f(~)=/(2). 

Differentiating first with respect to ° and then with respect 
to h, 


df(z+h)_af(z),dx,, dr 44. 
Cie = 


ig b 
Pa te At+ 5 5—h? 4. + &e. 


df(a+h) 


ik =aNnh*)+4. beh’ +eQh*— + &e. 





me 
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Now, by Art. 69. these two series are identical, whatever 
may be the value of 4, and therefore the exponents of the 
several powers of h, as well as the corresponding coefficients, 
must be the same in both series ; hence we have from the 
identity of the exponents, 

a—1=0, b—l=a, c—1=4, &ce.; 
* a=), b=a+1=2, c=b+1=3, &c 
and from the coeflicients, we have, 


= Se) squat re 





be= ae 
a {aN __ 7 d? f(x) 
a de’ r=37. 1.2 dx’ 
dp 1 ious 
raneg! Samii t= mene See OE.) SS A 
Q=5 qa 10203 dx , and so on. 
aie) * f(z) WB  Pf(x) Ww 
a fat Co aaa do? 1.21 de® 1.2.37° 


Or adopting the notation of Lagrange (see page 94.), this 
theorem may be written, 


eee eee he 13 
Set h=f@) +P) +h (@) Fe t”(@)- 5-3 t Be 
Putting ¥ =f (x), and ¥,=f(x+h), this theorem may also 
be written, 


dyh @y W dy he’ 
WN=YT G1 de 1. 2+ det 1.2.3 


Taylor’s theorem will give the expansion of f(a+/) in all 
cases, so long as x retains its gencral value ; but particular 
values may be given to 2, in certain functions, which will 
render some of the differential coefficients infinite ; in such 
cases the theorem is said to fail in giving the development 
according to the ascending integral powers of h. 

Maclaurin’s theorem may be readily obtained from Tay- 
lor’s, by making x=0, and then putting x for h. 


+&e. 
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Application of Taylors Theorem. 


70. To expand (7+)? by this theorem. 


dy 


2 3 
Let y=2z’, then dent ; Gs a! =6. 


D Pima it 2 
Substituting these values in Taylor’s theorem, 
dyh dy ies dsy is 


J =o ae te dx? 1. dx} 1.: 


2 3 
scheaitinitstillead : 5 t67 : 





—z t &e. 


1.2.3 
= 93 + 32°h + 8rh2 + h3. 
71. To expand sin (x+h). 
dy d?y d*y 
Let y=sin x, then dg °° x, Gn —sin 2, 7,3 — 008 L, 


e 
4. 


¥Y ° ° 
d 7a=sin x, after this the values recur. Substituting these 


values in the theorem, 


dy h d*’y hh? dy is 








N=I4 dy 1d 12+ aes 2.3? Be 

=sin (2-+-h)=sin 2+ hh. 7 h3 

y\=sin (e+ A)=8n &+ Cos *[—sin L- .— Cos FFB 
: h4 hs 
a 
h4 
=sine {1-4 oa we eae ee —&e. } 
ee he 

+eos ef h— a —ke. }. 


When x=0 this expression becomes the same as that 
given in Art. 64. 


FS 
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Similarly cos (z+) may be expanded. 
72. To expand log,(z+h). 


_ 


3 
Let y=log,a, then = dy ] dsy _ 2 


dae de? a? dad a 
diy = 2.3 
dat a? Be 


h kh? fh’ 
ss log.(%+h)=log.a+~ —5 + g93—&e 


73. To determine a series for the calculation of loga- 
rithms. 


In the preceding series, let r=1, then log,z=0, and 


; _;, A h® he 
*. log.(1+h)=h— +2 — 7 + he. oe (1) 


This series is of no practical use in the calculation of 


logarithms, since it obviously becomes divergent when 4 
exceeds unity. 


Changing h/ into —A in this series, 


1 
log. (1h) =— hs! 4 Bo, 2. (2) 


Subtracting (2) from (1), we have, 
1+h | he he i 
=22h4+. 4 eet re 
og. (75) 2 theta. tee (3) 


In order to render this equation convergent, put os 


22-1 





for A, then l+h_ etl, 


ee 


l1—hA 


. log “*)=1 os (#+1)—log =2{ ; Pere ee ae. 
og. ( L 0g (a+ ) OF et a4 3Qn+ ipe : 
1 1 ] 
en 5 ee are ae 
“(et abet +2) a tapes tpt ier ipt © 
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A series of considerable convergency, which enables us to 
calculate the logarithms of numbers by means of those which 
immediately precede them. For example, if x=10, then the 
first four terms of the series will give the value of log,11 
correct to ten decimal places. Other series have been deters 
mined which are still more convergent. 


Vanishing Fractions. 


74. The substitution of a particular value tor x, in a frac- 
tion, sometimes makes both the numerator and denominator 
vanish ; such fractions are called vanishing fractions. Thus 
xr—]1 
aa jz becomes 5 when x=1; however, we have by division 
ea : when z=1, therefore ES is the true value of 
zt—]- 2741 a>) = 2 
the fraction when x=1. Here peek numerator and denomi- 
nator vanish when 2=1, because they both contain the® 
factor x—1, which becomes O when x=1. In like manner 

(@ =e) + (a= a 
(a—2)+(a*—22) 


but dividing numerator and denominator by the common 


=> when r=a, 


1 
factor (a—z)’, we have 


(a+2)'+(a—2)t_ V 2a | 
1+(a+z)? ~ 1+/2a 


Thus by an easy algebraic process we may frequently find 
the value of a vanishing fraction ; the method, however, de- 
rived from the differential calculus is more general, and in 
many difficult cases much more simple in practice. 


Let ua) (*) z) 


be a vanishing fraction which becomes 2 
F(x) 0 


-, when r=a. 





when x=ad. 
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! 4 
veer ot) uF (x )=f(x); differentiating by rule 5, 


‘ae , du dF (x) _ dflz) 
os f a 
F(x) dx ia dx ax 





but F(7)=0 when z=a, 





f d f(x) 
rk 2. OLE). gaat 
~ i = dz? °° "Tray 


ITence we have the following rule. To find the value of a 
vanishing fraction, divide the differential coefficient of the 
numerator by the differential coefficient of the denominator, 

j and then substitute the given value for the variable. Should 

it be found, after this process, that the fraction still vanishes 

, the process may obviously be repeated until the fraction 
ceases to have the vanishing form. 

x— |] 


——=-,—-——-, when 2=]. 
x3 + 2x7? —ax —2’ 


Ex. 1. Find the value of «w= 
Here the differential coefficient of the numerator is 3z?; 
and that of the denominator 3z?+4r—1, 


Ua ae = when r=] 
en ae 


woe 4 when r=2. 


2. us 


3. easier when z=1. 
l-z 


3 pe 
4, Find the value of ux ee , when x= 1 


Here it will be necessary to differentiate twice. 


32? —2x—1 
The result of the first differentiations is Ge 6x Tox 
6x —2 


122? —12x7%+2 


and that of the second =2=u,whena=1. , 
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5. The sum of the series 7+27?+327?+...+mz", is 
r—(m+1) 24 4- mart? 


aaa 5 1) Ta required its value when 7=1. 
By two differentiations we find uma att a 
_— pent 
6. eo when z=1. 
- __ 8#—6r+3_ 3 
: —- —— when z=1. 


~ Dx?— 4a +2 =? 


Find the value of ae 


G 





2 , when x=0. 


Iiere the differential coefficient of the numerator is 
a* log, a—6* log,6; and that of the denominator is I ; 


“. u=a*™ log,a—b6* log, b=log, , when z=0. 


e* —-e% 
xr—a 


9. wu 





=e, when r=a. 


10. w= lbe® 0, when r=]. 
(l—z)’ 


ee 
a°x* —Xx 
1l. eH 


\ 
a— ax" 


= 3a, when r=a. 


x2—COS a 
12, Find the value of a when z=1, 
—2z 
Diff. coeff. num™.= — a sin az. 
a » deno™.= —2z. 


—asinaer asing 
oe em = when z=1. 


—2x 





}] —cos 2 
Perk eeeiahtar ORE +4 1 =0. 
x log. (1+ zy ™ aad 


After two differentiations we find w=}. 


13. u= 


110 DIFFERENTIAL CALCULUS, 


TANGENTS TO CURVES. 


75. To draw a tangent to a given point P of the plane 


curve APQ referred to the a 
rectangular axes Ax and Ay. y 5 

Let pr be the tangent, 3 L 
cutting the axis of x in the . V4 < 
point T, then by Art. 32. we 
have oR T A NM G2 


__4Y 
tan NTP ae! (1) 


In order to draw the tangent PT it is only necessary that 
we should find the point T, or the distance NT which is called 
the subtangent; for this purpose we have 


di 
tan NTP XNT=NP, or x NT=y, 


\ NT or cubtangent = +5’. 2. (2) ue 


The length of the tangent is found from the equation 
PT= V/NP?4NT?....(8) 


If pa be drawn perpendicular to the tangent at p, and 
cutting the axis in G, then P@ is called the xormai, and Nu 
the subnormal. 

Since Z NPG=Z NTP, 


-» NG or subnormal=NP x tan NPG=y X tan NTP 


_ dy b 
= ge MAD 


The length of the normal is found from the equation. 
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PG or normal= VN P?4+ NG?= AJ v+¥(2 +y? ( ay)? 


= / 1+ (x) ...(5) 


EXAMPLES. 


1. To draw a tangent PT to any 
point P in the parabola. 
From the equation of the curve 
Art. 19., 
y= 4ax ; 
hence by differentiation we have 
Boe, 
dx y’ 
substituting in eq. (2.) Art. 75., 
2Za_ iy? _4ax 


y ae Pe =o, =2r=ZON. 





2ydy=4a dz, .. 


NT=y- 


Thus it appears that the subtangent NT is equal to twice 
the abscissa ON; and .°, OT=ON. 

Again from eq. (4.) Art. 75., we have 

NG=y. Vay, “= 2a=2or. 

From this, we learn, that the subnormal is a constant 
quantity, being always equal to twice the distance of the 
focus from the vertex of the curve. 

2. To draw a tangent P,T to any point P, in the circle 
AP,DM,. (See fig. p. 16.) 

Let a be the origin of co-ordinates, AN=az, and NP,=y, 
then by Art. 18. Cor. 1. 


dy r—x 
2... eras 2 e 4 — e 
y2=2re—x2?, ie ag 
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substituting this in eq. (2.) Art. 75., 


Gb. Rete ee y?  Zre—x* 
~ I pn ra iy 

3. To draw a tangent PT to any point P in the ellipse 
ABDM. (See fig. p. 16.) 

Taking a as the origin, AN=z, and Np=y, we have by 


Cor. 1. Art. 20. 





\ 


i dy _ be A—X 
: —emmmemme mes ‘§t 
x oo, = ~ 2ax o )y : * dx az” y 3 
substituting in eq. (2.), Art. 75. - oe ae 
NT=y-  a—x_ ay? — Qar—a?® fp 
=> a2 y ~ 6% a—x) A= ee . a 


Here it will be observed that as the value of NT is inde- 
. pendent of &, it will remain the same whatever may be the 
magnitude of 5 or the. minor axis; hence it follows that if a 
.circle AP; DM), or any ellipse, be described upon the major 
diameter AD, and the ordinates Nrr, be drawn cutting the 
curves in the points P and P,, then the tangents PT and P,T 
| will intersect the axis in the same puint T. This property 
” } gives us an easy geometrical method for drawing a tangen 
to any point in a given ellipse. 
4, To find the subtangent and subnormal in the cissoid. 


Here by Art. 23. the equation to the curve is 





yi 3 hence by differentiation, 


a(6r—2x)dx | dy _ x°(8r—a), 
~ (2r—2)P 8" de y(2r—a)?” 


substituting in eq. (2.) Art. 75., we Have 








2y dy= 


subtangent =y-# OY way or) Vey 
beanie aan 4 i 


= "er =) 





, by substituting for 7’. 
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ty _v(38r—2) 


Subnormal=y . (Sra2) 


5. To draw a tangent to the point p in the cycloid. (See 
Sig. p. 21.) 
Let oN=2, NP=y, and Bp=2r7, then by Art. 25., 
ome oe oe 
x==arc PB—PR, We ed oe ae 


—n YW ffm ae a 
ay 


we 


but arc PB=r versin—~, and PR= VBR. RD= V 2ry—y?, 


or 


f cs 
. ©=?7 versin—!: 2 \/2ry—y? ; V RAD. 


differentiating by Rule 18, &c., ; _ 
eT 
_ rdy __(r-y)dy _ yd 


V2ry—yt Vv 3ry— we Bry —y? 


Fin 


dx y dy _s/2ry—-¥ 
ee dy V2ry—y® or dc PigtAesy ge ge see Art. §3. i 


which is the differential equation to the cycloid. Substi- 
tuting this in eq. (4.), we have 


subnormal=y. oY VJ 2ry—y? =PRENB. 


Hence the chord rp is perpendicular to the curve; and 
as the angle formed by the chords BP and Pp is aright-angle, 
PD is the direction of the tangent to the point Pp of the 
eycloid. 


6. The equation to the cubical parabola is, 7°=pz. 


Show that the subtangent= 32, and subnormal= =F 


2rau~ xt 


ya 2 





7. In the witch ae Art. 22.) the subtangent= — 


473 
und subnormal== = 3 
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8. In the curve whose equation is Y=; ae the sub- 


] — x?) 


. ie 
normal = (1 $a2)3" 


Asymptotes to Curves. 


76. Asymptotes are tangents 
to the curve at a point which 
is at an infinite distance from 
the grigin. Thus if ck be a 
tangent to the curve APP), at 
a puint infinitely distant from 
the origin A, then CK is gn asymptote; which may be drawn 
when the values of ac or Ap are finite when 2 and y, or z 
or y are infinite. 





Ex. 1. To draw an asymptote to the hyperbola. 


b dy _b a+2z 
Here Art. 21., Y= V2an-+x%, .*, a /2av +a” 


Hence by eq. (2.), Art. 75., we have 


6b at+z __ 2ax+ x? 
NT=Y+— eee oe ee 


3 
a /2ur+ a2 a+x 


2axn+ 2? a 
. ATS=NT—AN=- -————2 =, : 
ae a= fp 

Ly ¢ ee 


From the similar triangles TAV and TNP, we have 





NPAT | ax 2a x" b 
~ ONT “a4+n atxe 24 
= J aK ar 


PS © ho od 
Now when z is infinite, AT=a, and av=b. Hence take 
AC=a, AD=4, and join cp, then cp produced is the asymp- 
tote to the curve. In this case the asymptote passes oe 


the centre c of the curve. al eet 
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2. Draw the asymptote to the curve. whose equation is 





pte =: 
‘ ‘ 
Here we find eae 2 ) ; y a 
1-2 Ay. 
p alta’) 2% _ 2 
ee ag ge 
x on 
NP.aT * 


and AV=——__ = 


2 
NT 2 ae 
(a+) 


Therefore, when r= ©, AT=o, and Aav=0. The latter 
result shows that the asymptote must pass through the 
origin A; while the former result shows that the asymptote 
does not eué the axis of x; that is, it must coincide with this 
axis. 

The method, given in these examples, is sometimes dith-_ 
cult of application ; the following may be frequently used 
with advantage. 

Let (if possible) the equation of the curve be put into the 


form yaar+b+e+S4 &ec., then as 2 increases the terms 
after & decrease, and when x=o they vanish, leaving the 
equation y=-ax-+ 6 for the infinite branch of the curve. But 
this is an equation to a straight line cK (see last fig.), 
cutting the axis of y at a point y=d, and forming an / 6, 
such that tan c=a. (See Art.14.) Thus it appears that 
the infinite branch of the curve coincides with the straight 
line CK represented by the equation y=azx+6. 

3. To draw the asymptote to the curve, y=a° + 2. 

Taking the root, = Nira by the binomial, 


1 1 


+ &e. 


cn 
=e 


aa 
i 
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When z= », we have y=2z+1 for the equation to the 
asymptote. Taking x=0, in this equation, y=}; and taking 
y=0, x=—4; hence it follows that the asymptote cuts the 
uxis at an angle of 45° at the distances ap=ac=} from the 
origin. 

4, Show that the extreme ordinate Bc (see jig. page 20.) 


*is an asymptote to the cissoid. 
2 


ee x? +x 
5. Show that the curve, whose equation is y= ve 


1? has 


8 
an asymptote which cuts the axis at an angle of 45°. 


Equation to the Tangent. 


77. Let pt be the tangent (see fig. page 110.); Np=y, 
AN=2, the co-ordinates of the given point P of the curve; 
and x, and y, the co-ordinates of any point in the straight 
line pT; then we have, by Art. 16., for the equation of this 

“ line 
Y,—y=Ux,—x), 


d. 
where a=tan NTP; but by Art. 32., oo tan NTP, 


dy 


dz? hence by substitution, 


.. a= 


dy 
Y, Y= 7G, (#,—2) » ++ (1), 

which is the equation to the tangent PT. 

Since the normal pa@ is drawn at right angles to the 
tangent PT, 

] dx 
.,. tan PGx=—cot NTP=—-->~-7, 
a dy 


hence the equation to the normal P@ is 


- 


¥—-y=—5, (a,- 2)... (2) 
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EXAMPLES. 


1. To find the equation to the tangent PT in the ellipse, 
the centre c being the origin. 





2 2 ome 
Art. 20 P+ ee ey, 


? 8? ~~ ax ay 
FA fagh : dye 
substituting this in eq. (1.) Art. 77. for the tangent, 
b2 ¢ 
a aaa By —2z), 


| b b? b2 
he WY, ea = Bia, =P —y— an, 


: a oe 
ae “ayy, + Ban 0b? --.(1) ' 
which is the equation to the tangent Pp, where the variable 
co-ordinates are y, and 7,. 
Cor. 1. Make y =0 in this equation, then we find 


oon CT.CN=cP 
z, or = on <* — e 
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Cor. 2. Make x, =a, then we find 
f- . __@G2—b22a_b%a—2) | 
Vv y, rD 1=—~iy ay 
again, make z2,= —a, then in like manner, 
b2(a+2x). 
ay ° 
b4(a?—2?) __b4(a? — x?) 
aty? ——-b(a® — x?) 
AAy__ a+x_AN 


sf y, OF AA\= 


“. AA). DD,;=——,; =b?=cB?; 


therefore, if A,N and D,N be joined, the triangles AA,N and 
DD,N will be similar, and therefore the lines a,N and D,N will 
form equal angles with the axis aD; 


AA; AT  , AN_AT 
also aoe os — = 3 
DD, DT’ °° DN Dt 


ve AN. DT=DN.AT. 


Cor. 3. The equation (1.) to the tangent may be written 





_ br B 
Y= ary ty 
2 42 
Let eee mgr 
og ag 


}2 
fe mPa? + Be a oa 4-b2= ays {b2x2 + a2y%) = 


ee ae Oe er 
ee Vata? +R=7 3 substituting these values, 


y= mx, + V mia? +62... (2); 


where m must be the tangent of the angle which the line 
makes with the axis of z. This form of the equation to the 
tangent is often convenient in the solution of problems. As 
an illustration of its application, let us take the following 
problem. 
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Prob. Pairs of tangents to an ellipse intersect each other 
at right angles ; required the equation to the curve passing 
through the points of intersection. 

Here we have for the equation of one of the tangents 


yma + V mia? + 82, 
oY —2mry + mz?=ma? +b? ... (1) 


Since the other tangent is at right angles to this, we shall 
obtain the equation to the former from the equation to the 


; ] 
latter by substituting = for m, 


] GP ies 
“Y= det n/ + , 


“. my? + IWmry+2?=a?+ mb... (2) 





ling (1) and (2) and reducing, we have 
which is an equation to a circle, whose radius = Va? + 62, 


and centre the same as that of the ellipse. 
2. To find the equation to the tangent PT of a parabola. 


(See fig. page 111.) 
dy 2a 
— ~§ TF”. 
Here y?=4az, .°. dey? 
substituting this in the general eq. (1.) of the tangent, we 
have 


¥, -y=5 (x, — x), 
which is the equation to the tangent PT; or eliminating y?, 
we also have 
yy = 2a(x, +2). 
Also by the general eq. (2.), the equation to the normal is 


Y,—- y= — 2 (x,—2). 
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3. Show that the equation to the tangent in a hyperbola 
is, ayy,—b?xx = —a°*b*, taking the origin at the centre c. 
4. Show that the equation to the tangent in a cissoid is 


T 


r 
f = aa {(8r—x) x,—rz}. 


Inclination of Curves and Tangents. 


78. The angle which a curve makes with its axis is ob- 
viously the same as that which the tangent mikcs. 
dy . 
dx 
which the curve makes with the axis of 2. 


Therefore -** is also equal to the tangent of the angle 


Ex. 1. Required the angle at which the parabola cuts the 
axis of z at the vertex. 


dy 


2a a eae ; 
Here -* = — =tan inclination to axis 7; 
dx y 


2a 
but when y=0, aaa o==tan 90°, therefore at the vertex 
the angle is 90°, that is, the curve at the vertex is perpen- 
dicular to the axis. 

2. At what point in the ellipse is the curve parallel to the 
axis of z. 


Here by Fz. 1., Art. 77., 


dy_ _ x ye 
Pagers 5 gon O, when 2=0 ; 


that is, the curve at the extremity of the minor axis is parallel 
to the major axis. 


x 
3. Let y= —--, be the equation to the curve. At what 


1+ 2? 
angle does the curve cut the axis of .r ? 
dy__1—2? 


Pe (i (i pat ten 45°, when 7=0, and .. y=0; 


POINTS OF CONTRARY FLEXURE. 121 


therefore tlic curve cuts the origin at an angle of 45° to the 
axis. 


Points of Contrary Flexure. 

79. Definition. A point of inflexion or contrary flexure is 
a point where a curve passes from concavity to convexity, or 

from convexity to concavity. 
et ASPQ be a curve, concave 
from A to p~p, and convex from P to Q, 
then Pp will be a point of contrary 
flexure. Draw the tangents SK, PT, 
and Qv to the points s, Pp, and Q; 
then if the ordinate $k move from A 
along AM, it is evident that the angle sKR will be deercusinz 
until sR comes to the position FN, but after this the angle 
will be inereasing ; thus the angle PTN is less than either of 
the angles SKR or QVM. ee it follows, that. at a point 
y of inflexion the angle pTx, and consequently its tangent, 





T 


dy e s ». ° 
or ys must be a maximum or a minimum, that is, we shall 


dy , : seis ts 
have a =0 or x, at the same time observing the criterion 
da? LN eaMe car is 
given in Art. 50. 
The curve is coneave from A to Pp, and here we observe 
that the angle sKR is decreasing, and consequently its taun- 


dy . . 
is decreasing ; that is, is nevative; and this 
du’ ee dc? 


takes place throughout the concave curve AP. (See Art. 48.) 


d?y . eee 
In like manner, it may be shown that fe is positive from 


gent, or 


P to Q, where the curve is convex to the axis of a This 
change of sign from + to —, or — to +, is the most direct 
indication of a point of inflexion. 

Ex... Required the point vp of contrary flexure in the 
curve APQ, whose equation is y= 2(r1—a). 


= 6(x— —a)?’, and ~ vy ge la(e- a) ; 
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. 12(a—a)=0, and .. z=a; 


.. take AaN=a, and the ordinate NP will cut the curve in the 
point Pp, which may be that of contrary fexure. To assure 


ourselves of this, we observe that . or 6(4—a)*, is de- 


; d. 
creasing as we augment 2 up to a, and on the contrary oe 
is increasing as we augment z above a; thercfore the curve 
is concave from A to P, and convex from P to Q, and hence Pp 
is the point of contrary flexure. Or we may also observe 

a2, 
that for all values of zx less than a, the value of 2 or 
12(*—a), is minus, and, on the contrary, for all values of x 
greater than @ itis plus; hence, &c. 


Also tan prn=9! =6(2—a)'=0, when r=a, 


therefore the tangent at the point of contrary oe 18 
parallel to the axis AM. 
2. The equation to the cubical parabola is a?y= 2%. 


» ee ag eo 


‘* dx a pal a2? 


6x ; 
eo oy =O, gives x=0, 

hence the contrary flexure, if any, must take place at the 
origin. 

In the equation a?y=25, when 
x is plus, y is also plus; and 
when x is minus, y is also 
minus; therefore the curve con- 
sists of two identical branches, 
as shown in the annexed cut. 
Now ae is increasing as / 
is being increased, therefore the 


waht hransh mu-t ka anna: 64 


| 
' 
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the axis of x; and from the identity of the two branches, 
the left branch must also be convex to the same axis; 
therefore the curve has a point of contrary flexure at the 
origin. 

Or we me aki at the same result, by observing that 


the value re “a is minus when z is minus, and plus when z 


dy 
is plus; that is, dat ’ changes its sign as x passes through 0 
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Fx. 1. Required the furm of the curve, whose equation is 
y=a(r+1) (294+ 2)=a3 4 8274 22. 


(1.) To find where the curve 
meets the axis Aw. 
When y=0, we have 
a(a+1)(@+2)=0 
“. r=0, —1, or — 2; 





therefore the curve must pass through the origin a, also 
through 0, and kx; where Ao=1, and aK=2. 

(2.) To find y tor particular values of 2. 

For all positive values of 2, the values of y will be posi- 
tive (which will be shown by substitution in the proposed 
equation); hence the curve extends to infinity in the right 
=a = : 3_to infinity ii ght 

For all minus values of x Jess than ao or 1, the values of 
y will be minus; hence the curve from A to 0 lies below the 
axis of x. 

For all minus values of x greater than Ao, and less than 
AK or 2, the values of y will be positive; hence the curve 


. from o to K lies above the axis of x. 


124 DIFFERENTIAL CALCULUS. 


For all minus values of x greater than ax or 2, the values 
of y wall be negative ; hence the remainder of the curve KE 
extends indefinitely below the axis of z. 

(3.) To find the inclination of the curve at the points 


A, O, and kK. 


tan 7 inclination =$? =327°+6xr4+2; 


d. 
when w= 0, tan / at A=a= 2, .. Z at A=63° 26’; 


d 
when r=—1, tan / at o= Sis —-l,.. Z2 at o=135° 


dy 
when z= —2, tan Z at K= = 2, .°%. Z at K=68° 26’. 


(4.) To find the points in the curve which run parallel to 


the axis of z. 
In this case, the angle which the direction of the curve 


d 
makes with the axis of x must be 0, therefore re must be Q, 


*, 322+ 624+2=0, whence r=—1+ 47); 


“, take AN=1— 4/4, and AaT=1+4 4/3; and the ordinates 
NP and Tv will cut the curve in the points required. At 
these points the ordinates obviously attain their maximum 


values. 


(5.) To find the — of contrary flexure. 


—— 


Here “ dz oY —6246= 0; 3... r= =], 
therefore there is a point of contrary flexure at o. 
2. Required the form of the curve whose equation is 


SS eat a(t) 
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(1.) To find where the curve 
incets the axis of 2. 

This is readily done by finding 
the values of x corresponding to 
y=O0; thus we have 

x(x+1)?=0, .. x=0, or —1 ; 
hence the origin is a point in the 
curve; take Ar=1, then I is 
another point. 

(2.) To find y for particular values of 2. 

For all minus values of 2, the values of y are minus; 
therefore the lett branch lies entirely below the axis of z. 








For all positive values of a, the values of y are also 
positive; thercfore the right branch lies entirely above the 
axis of zr. Moreover when z=1, y= «; hence take ap=], 
and draw bG perpendicular to Az, then the curve tends 
continually towards BG. But when z is taken greater than 
] or ab, the curve reappears in the form FK; and when 
r= x, we also have y= =, that is, the curve here branches 
off to infinity. 

(3.) To find the asymptote to the curve. 


_r(e+1)_ 
G@ohF 


. y=x+4, is the equation to the asymptote. 


r+4 +e4 &c., by division ; 


To construct this line. Take x=0, then y=4; take y=O, 
then z=—4; .*. take ap=4, and ac=4; join pc, then this 
line produced is the asymptote to the two branches 1R and 
PK. 

(4.) To find the inclination of the curve at the points a 
and I. 


Differentiating the proposed equation to the curve, 


dy 2—32?—S5x—1 | ee 
5 as (x18 =tan / inclination 


6 3 
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when x= —l, tan 7 at 1=9/=0, % 4 ati=, 


that is, the curve touches the axis of x at I; © 
dy 3° 
when 72=0, tan / at A =a vw LZ ata=4o°. 


(5.) To find the points of contrary flexure. 


sae d. 
Differentiating the value of i above found, 


ey _8(2r+ 1) which must be taken 0 or @; 
du? (uv—1)8 


then 8(2741)=0, .. z=—}; 


therefore a point of contrary flexure takes place between A 
and 1 at the distance } from a. To assure ourselves of this, 

; dy 
we observe that minus values of x less than } render Ts 
plus, whereas minus values of 2 greater than } render it 
minus. 


3. Let y=(x?—1)? be the equation to the curve. 

Then when y=0, r=+1; 
hence take aB=1, and ac=l, 
then B and c are points in the 
curve. When zis less than +1, 
the value of yis impossible; there- 
fore the curve does not approach the origin a ncarer than b 
or c. But for all + or — values of x» ereater than 1, the 
values of y are possible, and are cither plus or minus; hence 
the curve extends indefinitely above as well as below the 
axis of z~ When the curve runs parallel to the axis of 2, 
we have 





BY. pp So lp G ee oe eee 
dp Ae 1) =O, "9 fas 


therefore the right hand branches touch az at B, and the left 
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hand ones at c, that is, they meet in a common tangent, BC, 
without intersecting. Singular points of this kind are called 
cusps. 

4. Show that the witch has two branches symmetrical with 
respect to the axis of x, that the axis of y forms an asymptote 
to the curve, and that there are two points of contrary flexure 


‘ 3r oe 
at the distance x= -~- from the origin. 


THE INTEGRAL CALCULUS. 


INTEGRATION. 


81. Integration is the converse of Differentiation; thus us 
the differential of ax3 is 3ax°dzx, so the integral of 8aa7de is 
az’, The primary object of the Integral Calculus, therefore, 
is from a given differential expression to tind the function 
from which it has been derived; this process is called In- 
tegration, and the symbol (/) by which it is represente‘l, is 
consequently the converse of the symbol (d@) which represen‘s 
differentiation; thus /(dy)=y, and generally if df(xr) is the 
differential of f(x), then /{df(r)' =f(x) is the integral of 
df (a). 

Since 4az3dx is the differential of either aat or art+c, 
where ¢ is a constant, it follows that the integral of 4tar%dx 
is generally expressed by 


fraxtdx = ax'+c, 
where c is called an arbitrary constant, the value of which 


remains to be determined from the peculiar nature of the 


problem. 
Since the integral of any given differential expression 
is the function from which the given expression is vb- 


128 INTEGRAL CALCULUS. 


tained by differentiation, it follows that we can integrate 
those functions only to which we are led by differentiation. 
The method to be pursued in integration may be resolved 
into two divisions:—I. To derive certain elementary rules 
or forms of integration from a simple inspection of the results 
of differentiation. IL. By various artifices to bring the forms 
of other functions to be integrated within those so de- 
termined. 


Elementary Rules of Integration. 


82. Mule 1. A constant multiplier is not changed by in- 
tegration ; and hence, in a differential expression, it may be 
written without the sign of integration: thus /az’dx=ajx*dc 

ax 


“B79 


Since d {af(x)} =adf(z); 
. fadf(x)= af (x). 
83. ftule 2. To integrate ax"dx, where the index 2 may 


be any number except —1; add unity to the index, divide 
by the index so increased, and the differential of the variable. 


1 
Since a} scala +c} =azx'dx 
2+ 1 


agntt 
. fax*dz= - 


n+l a ie 


EXAMPLES, 
om | 


py tcHeette. 


. 823 
1. {8xde= 


6azx7*1 
2, 2 cee ce Lenmanend "| oe 
[6ax?dx a5] +C=2az7+0 
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x6 
3. Sx'dx — 6 of C. 


3 
= ; i 
4. [{/2x dx=fx' dex" +0= 7% +C. 
z 


oe Lo i ee oe 
xr 2 


die atl x3 Lx 
6. fades = P= 3 


7. Required the integrals of the following expressions, 


5. 


5.tdz, Side ee - =, Ont dx, ad 
Answers, x°, ax?, cant St cond 
i x 


84. ‘Fiule 3. The integral of the sum of any number of 
functions is equal to the sum of the integrals of the several 
functions. 


Since df(x) + dr(x) + &e.=d (f(r) + F(x) + &c.} 
*, [{(df(x) + dr(x) + &c.} =f(x)+ F(x) + &c. 


EXAMPLES. 
1. ((6ax? + 23)dzr=/ 6az?dz+/ wdxr=2ax5 += +C. 


2, f (3) def wde—/2x-tde= 


grrti } 
mpi tat 


* In all the examples hereafter given, it must be understood that the 
arbitrary constant c is always to be added, although it may not in all 
cases be prin 


a5 
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3. Required the integrals of the following expressions : — 
(1 4823)dx, (a +ba +ca8)dx, (14) /z)dx, (28—2!)dx, 


(a-? + 2x )dx, aon Saar Answers, x+ 22, 





3 
ba? ext | 2ba" a —3a8 


atta ty x? : SL ecoai 


“8? 4 °° “2 x8 
+. f(a $22)2de=/(a? + 8a°x? + 3azxt +2°)z*dx 

= tax) + Za2x5 + Sax’ + tax. 
do f(1+a)Prdzr=iat + 2254 126, 





; 85. Rule 4. To integrate a{ f(x)}"df (x), where df (x) is 
ithe differential of the root. Add unity to the index, divide 
‘by the index so increased and the differential of the root. 


1 
Since, by Art. 43., d tien =a ai fa) "dhz) i, 
; | on a’ f r VY n+ 
no fa (fia) a= 
EXAMPLES. 
(aan? rt! 





]. j (a+ax?)" (1+2axr)dz =- —; here it will be 


n+l 
observed that (1+2ax)dx = d(x +«z?), or the differential of 
the root. 


(l+a™)la™lde (i+a" ile 
2 Bym—] Sti 
2. f(l+2")*x aed Ce 1) x mv” dx mn 1)" 


3. f (a+ bx +-cx?)* (64 2ex)du=——— (a + bx + cx?)*t!, 


adx ] ledz 
| +f Tipe cia +e tnt C Cionus =(1+2?)), 


ELEMENTARY RULES OF INTEGRATION. 131 


5. f(1—at)betde U2 ode 


8 5 
£ cc aad) gd") 


dx : 3 —1 
ay eS ee 
—— a/(1 +2) /1l+2 


1 
UL aan Tea 


8. Integrate the following expressions, (1 +2)kdr, 
(1432z?)*xdr, (14+ 22+ 32?)8(2 4+ 6r)dz, (1—22)-*dz. 


(14322)! 
6( 2 +1) 





Answers, 3(1+ a)}, 





» 11 +224 327), 
1 


Expressions which do not appear in the form for the 
direct application of this rule, may sometimes be brought to 
that form by an easy reduction. 


SNOT aay 7-4 
tS “f gee eo er 


(0-341 )laetde (2-3+1)8 (14+ 23)8 
© (Bere 


10. f” dx ik 
J (taal Viet 


(i4a)"s 
11. (1 __»\7a—1- a re 
Pee b= a 


dx WV 2ax—23 
ax 


12. EE 
2 X£/Qax—~ x? 


; the proper form for 





integration, in this case, is (2aa-) —1)Ae-2de. 
eo 6 
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. { 
13, f - ee =2 12. ct 
at — x8 x 5 


J =f aide (1—2)h 
it: ey, 
xX1—at)! J (a2 1 os 


86. Rule 5. When the numerator of a fraction is the dif- 
ferential of the denominator, the integral of the fraction is 
the logarithm of the denominator to the base e. 


> 


dz 
Since d log, z= a 


. ‘dz 
ee = mlog.zte. 


EXAMPLES. 


19 
i esis =log,(1 + az?)+Cc; 


here 2azdr is the differential of 14 az’. 


Idx 1 {na™'dxr 
tae ae 1 log (1 +2") 


ad "bdx _ ‘d(a + br) 
Sarbs : a+bx ; a+br- 


j, tog. (a+ bx). 


. ra fae {Ff 
{a a+x b+a i 


= log, (@+2x)—log, (6+x)=log, 


] ] zi?—] 
as "Fo a}4 talog. SS" 


a+r 


bya" 
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g frets (HEY op (04 2 


x+2x' x'+ Qz2 
62? —2 )dzx 
7. as i =2 log, (a —2+1)=log, (223—x+ 1). 





8. f=, = log, Vv 2?—a’, 
—a 


az? 


x’?dx 
Stem (1+25)) 
edx 


10. Required the integral of Tae 


Here the index of x in the numerator being greater than 
that in the denominator, we first divide as follows : 


Po) 

ES —_= 27" —7r +] —-——_ 

edz ho 

l+ez ={(#- e+1—pi=)de= —% + 2—log.(1 +2). 
xidx 

wae =" +24 log,(2—1). 


12. fo +log, x)” & oa eee) Here the ditferen- 


l+2 





_ tial of the root, or d(1+-log, n=, hence Rule 4 applies. 


The following examples are important logarithmic forms. 


z+ Vita? ((x*+0") bedr+dz 


13.) Tatal J Vatalat+Jaite’ J 2+ Vetta 


=log, (x+ /x*+a?), the num". being the dif- 
ferential of the denom". 


C de il fartd __1 (2 Mar") 
a(arter)l AS (ate tthe! f(aeyt+} 
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1 
=—- log, {ax + (a®x-?+1)#}, by Ex. 13. 


ashy ere 
a Be + (atta) 


dx _ 1 r—a 
15. Sari log, ra 


Pope {as 


zi—a® 2Qa)ax-a x+af’ 


ay eee ae dx 1 f'dx _ 1 lor “at 
‘J v—a 2aJa—a QaJ xtra 2a “x+a 


dx dx l r—a 
1G: fe a 5 08 
at—x ~/ v*—a 2a x+a 

r+a 


17, f[__ ={_" _— =/—_tet)) 
(l+x+a?) J (444x44a7)i J (2x41)? + (3!)3 4 
=log, {(27+1+42(1 +2 4+22)3 » by Er. 13. 

For a general formula of integration, see Ex. 4. Art. 91. 


dx 


aa {Q2—142(22?—x—1)}, 


m 


» + 
2r+]1 * =~ =e 
: 


> dz 
9. ipserte eat rt 


87. To integrate elementary exponential expressions. 
By Art. 84. da*=log,.a. atdz, 


ee , 
ye scare a+. 


- RO ree een ee ee ee a = ot meme mre 


© It must be always understood that the symbol log indicates the hyp 
log., or the log. to the base e. | 
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If axe, fetdz=e*+c, 


where zis any function of a The rule expressed in this 
formula admits of immediate application when thc differ- 
ential factor in the proposed integral is the diffcrential of 
the variable index, or bears some constant ratio to it. 


EXAMPLES. oe 
: 1 eax 


22 
2, poeredea te 


3. fardr=* f a"d(nz)= 


a 
nloga 


Differenting by Ztules 5. and 10., we have, 


. deayae{ & +2} ar, ee DO we 


a se{ E+elarmes 


where the factor of e*dz is composed of two parts, one of 
which is the differential coefficient of the other. 

4. fe*(3z? +2—1)dx=e*(z'—1), where 327 is the dif- 
ferential coefficient of 27—1. 


5. fe (22 +27 )\dr=e*xi. 
6. f(l+e)etdr=2(1+e)}; by Rule 4, p. 130. 
ss. To integrate elementary trigonometrical expressions. 
(1.) Since d sin z=cos zdz, 
. / cos sdz=sin z+. 
(2.) Since d cos z= —sin zdz, 


”. {sin zdz=—cosz+C. 
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; eas 
(8.) Since d tan z=sec*zdz or costa? 


. / sec? zdz or fSyaten ste. 





: d: 
(4.) Since d cot z= — 
B1n*Z 
dz 
ere a} =~—cot 2. 
sin*s 
EXAMPLES. 


1. fcos nz x de=* feos Nx X d(nz)=* sin "2. 


_ cos (m+ n)x 


JS sin (m+n)xdx= er 
2. ftan naff 088 oe —log cos 2 
COs £ Ccosr 


3. /cotadr=log sin z. 


dxf U2) _ 
4. IS nee== (ole by (8). 





sinadr (°—d(1+ cos st) 
a ¢coszr J 1l+cosz = 108 Cha Cone): 
6 fi ={+ sec? rdr dtanz 
oe f ——_~eslog tanz. 
INL COBL tanr tanz 
2 
7 A 1 1 __(sec} px)? 


sin z Zain} « coskz 2tan}z’ 


(sec$z)*d(}2)_ f‘dtan}r_ 
1S = {WG tan} 2 : mie = ma SE 


dz 


] 2 
Gos Pod Pree a a =n G Pe 3) 
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9. ftan?rdr=/(sec?x —1)dr=tan x—2z. 


dr ] 1 
10. IE SL eRe { ——_ + — } ar=tan x—cot r. 
COS-x sin* x cos*x ' sin*a 


fsin mx cos nx dx=f} {sin (m+n)x+sin (m—n)a) de 


7 y {Selene va (m—nie } 
ncaa m+n m—n : 


By expressing the product of sines and cosines of ancles 
in terms of the sums and differences of sines and cosines of 
angles, as we have here done, various other formula may 
readily be found. 


89. To integrate elementary circular functions. 

















: : x dx 
(1.) Since dsin-!-= a Art. 58. 
. ” dr no 1,2 : 
ee eet aac =si aes ° 
e a-—z-" a 
ade 
(2.) Since d cos a ae 
a ai — 2? 
—dr 2 
. =¢cos7! +c 
rN qin y ve a 
x adx 
ape eh ck 
(3.) Since d tan Sar wee 
dx iat es 
ae i a’ 
: : x dx 
(+.) Since d versin —!- = a 
a /2axr—x7x? 


=, =versin 12 am C. 
lass Pax —xi 
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adc 
LJ x? — GQ? 


dx l x 
oe —_———— = - §AC -—l . 


EXAMPLES. 


1. f- adz =_/- dx 
“J (a— bx)! BS 7a NE 
(a— bz”)? 0b (7-2) 
a. x a, 5 
=— sin-! =— sin “tay /2, 
bi Tu oi a 
b 


by form (1), where we put 5 for a’. 


dr 
2 fam Sa » by form (3), 
=} . : tan-? ——= — = tan—'z 
b sh a Slab a 
b b 


2 2 
: S- n=} se ee =}sin-!" 
e as e — a — 3 2° 
(a4— rt): fat — (x? )2) ) a 
a ‘ 
rd ] a? 
4. J-.- =, , tan a x 
at+az4 2a a? 


ert pvr ff? d2x—1) 
1—2x2+22? \f 2—42+442? VJ (22-1941 
=tan-!(2x—1); by form (3). 


For a general method of integrating expressions of this 
form, see Ex. 3. Art. 91. 


(5.) Since d sec “1e = 
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1+2z 
Be allel Mics 
| li Fa tan - vr 





dk * d(x—1) : 
= gin! ; 1 
eae (2—(2-131 “F Ds 
ls / "de sin —! — 
ve (1—x—2): mee 
Fundameptal Formule. 


90. Collecting the results of the preceding articles, we 
have 








(a) J widen e, except when n=—1, and then 
(b.) —=log x 

(e) foFoa! tan? 

(0) [arama 8 Fe 

(e om ary Py mes —! = and ae = co3--! . 


f= Grams f+ @rtanh. 


> ax 





> 
~~ 
a 
Q le 
@ 
- 
Q 1 


(h.) J ———— = ¢ ——____. 
x(a2+x?)r 2 a+(a?+277)8 





- a= . 
(z.) Lonoke! and / 
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(7-) f sin madx= -* COS MX. 
(k.) feos meds = > Bin mx. 


(l.) fsec? made=~ tan mz. 


All other integrals are reduced to some one of these 
forms. 


91. By certain easy algebraic processes, many integrals 
may be brought to some one of these elementary forms. 


I. By various modes of transformation. 


i us def? _ Utt+@) 
(a? + 2axr)? {(a+a)?—ai}} 


6 
=log {(x?+2ar)i+2+4 a}, by form (f). 


2 ft ft 
ee aes a . i 2 2 
a) =sin- G ear by form (€). 


. ” 
¢ 





3 fo fet 
‘JS at+beu+er® °F 4ac + 4bhex + 4c2x? 
—9 *  d(2er+h) | 
* 2cx + b)? + 4ac—b” 
which is integrated by (c) or by (d), according as 4ac—0? is 
positive or negative. See examples, Art. 69. and 86., for this 
and the two succeeding formule. 


dr I 2cdx 


4 i ee Se, Se 
(a+bzr+ ex?)i che! (4a0c + 4bex +4c%x? ) 
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1 d(2cx + 6) 


oat 
ee oe 


che {(2cx+b)? + 4ac—b? 3 


1 eee eee ee 
Flog {2er-+b + (4c xa+ba+exr?)'}, 
by (/)- 


dx 1 d(2ex—b) 


5. Similarly Jf ———————=— J —_______—___. 
(a+bz—cx?)i c! tact 6?—(2cxr—b)- 5* 


oer — 
= sin? 222" by (e), 
c (tuc+06?)? 


6 f- dx on x—dr 
a(atbr+ex®)t J (aa? + ba +e ye 


=- f=) 
(aa + ba + c)} 


which has the same form as Example 4. Thus we have. 


ff dx d(a-) 
a(1+ x+a2)3 (x?*+a7'+1 3 


=—log {2a-'+14(4 x L+a-+a-)} 


\ 


i 
2+274+2(1+27+a°) 
II. By splitting an expression. 


Ll. (etba)dr _ f° dz of 


‘ =—=C ‘ ‘ >. 6 
6s? 4.30? a*+4+2° a*4 2% 





c x 6b - 
= tan“ + > log (a@?+27) 


Pe cei OY ake Meare ey 
"J (#*+a) (27 +b) oer tr xz>-+b 


= 1 lo¢ +a 
~~ 9(b—a) > x2+6' 
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san VA. 


* 
ax 1, _,2_1 “Fl 
13 form (z?+-57) = taf} an a agi 65° 
oe css, {fa crit eae @+toy 
5. f- dx ne x 
‘J wa+be) 3a°°° — 


1 1. 
a(a+bu3) alz a+bz 


eradx at asil } ede= er 
(+a). {5 (1+)? aie 


since the second term within the brackets is the differcntial 
coefficient of the first. See Ez. 4., Art. 87. 


Here 


III. By adding and subtracting the same quantity. 


oF ponies see J beer al 


=a versin—! = = (2ax— x2), 





2. [(a+ bx) x =5/(@+ba—a) (a-+bxy'da 


] a ; 
=;/(a+ba)idx—x f(a+bx)de= AC +bx)'— 3 (a + bx). 


8. f(l+2x)%'de=f(1+a)" (1+2—1)%dx 
=f(1+2)'tde—2/(l+2)"de+/f/(l+a2)de 


(+e? _ 20 +a) (+a) 
~~ 3 a+2 n+l ° 


xidz 2 
4. J , ne aaa ie re 
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(2+ e+lyide _ Matilde _ {° dx dx 
a(a—1)? ar(x2—1)3 J (x2 (x?—1)} aa? — 1)! 
=log {#+(a?— 1)3} + sec! x. 


re 70 tayinde yin pans +2 — x2), See Art. 93. 
Q—2)} 
5 fee Cne—# x?yrdar _ (2a—x)dx 
(2ax —x?)3 
—x)dz d: 
af CSE x) +a ee tee ==( 2ax—2x2)? +aversin—! S 
(2ax—x?y3 (2ax— x?) a 


9, f (= *\'de= (x -+a)dae 
(x? + ax)? 
=1 fe +a)dz a dz 
= eeed ax ie 
(2? + ax)! (a?+a@r)2 _ 








=(2?+4 ax) +5 log {(22+ax)!+a"+1a}. 
(See Fax. 1. p. 140.) 


— 72)3 
| 10. f Kee aleg =, + (1 — 24. 


V. By substitution. 


1 
1. Let the integral be w= f- ze T de. 


]—2z3 





Let x=, where the exponent of z is equal to the pro- 
duct of the denominators of the exponents of z, .°, dr=6z2%dz; 
hence we have, by substitution and division, 


v=/5=5 . 625dz—6 (2 +24—23 + 22 


Boot at ot oh 
x Hb x r= ! 
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2. Let the integral be w= f——_<*__, 
(2+2)(1+2)! 

Assume (1 +x)i=z, . l+a=27, dr=2zdz, and 2+ 
=:2°+1; therefore, by substitution, u=f- ae t= tan-! z= 
2tan—! (1 +x)} 

ax 
After the same method / —_————-_—_.. is found. 
(c+ex)(a+bz): 
dx 
Uu ={—_*___ -3; let c+ex=z; taking the log 
(c+ex) (a+ bx?) 
of each side and differentiating, ae aude, 
ctex 2 


and a+ ba?=a +2, (s—eP= "5 (ac? + be? —2bez + bz?) , 


. by subst., « ={—-—__*___, 
2z( ae? + be? —2bez + bz?) 


which is integrated as in Ex. 6, Art. 91. 


. =f- dx _ ('(aa-? +b) 43x 
(c-+ex") (a+ba?) ca +e 


= A ax-? + by dz b aki 
—~T) a(ea*+e) J cz®@+ae—ch? “FY MOINS 
(ax-*+ bji=z. This will be integrated by form (c) or (a) 


according as ae—cb is + or —. 


If ae=cb, then u= — ae - = as 


ez? cz o(a + basys 


For example {= St Po, 
(1-+222)(24+40)! (2440)! 


RA 
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| 5 S- de NY + ath Bho 
° aes oe > 
(1—2*)(1+22)) 23 (1—2*)} 


heree=1, e= —1, a=1, b=1; then by (da) and reducing. 
ada _ {tat bx?)? 
(c+ ex?) (a +b2) 2 / b(c+ex?) 


_f[* dz 2) 
laa ae , by making (a+ bx?) 2. 


6. Similarly 


ee fx t(14a2h}n de tet 2+ (1+a% tae’; 


(1+ x?y3 
er nO as by taking the log of each side, and then 
( ] + 2? yi z 
| ' differentiating. Hence by subst., &c. 


peey gsc. ga” a)}? a 
u=(n2™'de=—z =—ja+(1+27)*{ : 


, 8. lo ; this integral may be brought 
} (a-+bx)(cx®+ex+f) ye? 
to the form Sar by making z= ee , and pro- 
a(z?—2Bz + v) a+ bx’ 


ceeding as in the foregoing examples. 


RATIONAL FRACTIONS. 


92. In a rational fraction the indices of x are all positive 
integers. Expressions of this kind may be integrated by 
resolving them into a series of simpler fractions, called 
partial fractions. This can always be done by the method 
of indeterminate coefficients explained in (Art. 7.), Exe. 2., 
3., 4. 
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EXAMPLES. 


Ist. When the factors in the denominator are all different. 


1 dx dz 
"J xt=—22  ) a(a—2) 


Here by decomposition, Ae. : : 


a) a 3 — a a 


eS pe WA 








1 1 x—2 
=3 { log(2—2)—log } =5 log : 
adx r2—a 
| 2. 2 =log —— 
3. f- ade _ f° _xde 
‘J x*+624+8 J (#+4)(r+2)y 


x A 
ct Gp a\et2) 244 
x=A(2+2)+B(r+4); 
to find a, let z=—4; then —4=a(—4+42), .. a=2; 
to find s, let z= —2, then —2=—28, .. B= —1; 


B . . 
eae clearing of fractions, 


substituting the values of a and B, we have 
x 2 ] 


—— Se see ee, 


; xdx _['2de_ (‘dx 
° (at4y(at+2) Jets J 2x42 


=2log(#+4)—log(#+2)=log 





(v+4) 
r+2 
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 (@+2)de =f (z?+2)de 
+ 7a? +14e9+8 OJ (w+1)\(4+2)(2+4)y 


x? 42 A ee ae B ee Cc 
et ey lye +2\et4) x+l 2x+2 244° 


clearing of fractions, by multiplying by (#+1)(2+2)(#+4), 
x?+ 2=a(e+2)(21+4)+B(2+1)(7+4)+e(14+ 1)(24+2); 
to find a, let z=—1, then 38 = 3a, .. a= 1; 
to find z, let z=—2, then6 =—2ps, ., B=—3; 
to find c, let r—=-—4, then 18= 6¢, ..c = 8; 


substituting these values of A, B, and C, 





x?+2 ee eee ree 
(v+1)\(a+2\r+4) x+1 242 244’ 
an a I Boa 
“SJ @Fi@+2)@44) Jatt J oto tl aya 
=log(#+1)—3log(#+2)+3log(@+ 4) 
_ 1. (@+1)(24+ 4) 
=log (+55 
| «farce ada siigp Vv (a+1)(a+38) 
3+ 622+ ll2+6 ~ (x+2)8 


Here the factors of the denominator are (7+ 1), (x+2),(# +3). 


Le "(1+82)dz_ ed 
i e—as © (T—2) 


Obs. In like manner, if the denominator contains tour 
factors, we should resolve the expression into four partial 
fractions; and so on to other cases. 
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2d. When some of the factors are equal. 


When the denominator has the form of (4—a)*(r—b) 
(~—c)...&c., we may readily decompose the fraction into 
its partial fractions by assuming it equal to 





A 
gape ea 


‘ oe (2? +2 )dx 
1. Required the integral of (2—D)Xa—1) Vv 
e+e A B Cc 
ot 2a — 1) (@— (@—2pt 22 ate 


“. 2 4+x2=Aa(a—1)+3B(e—2)(a—1)+C(~—2)?...01); 
to find a, let r=2; then 27+2=a...(2). 
Subtracting eq. (2) from (1) we have, 
22—2?+ ¢x—2=a(x—2)+B(x—2)(a—1) + 0(2—2)?, 

and dividing by «—2, 

x+2+1=a+R(e—1)+C(x—2); 
substituting the value of 4(=6) derived from (2), and re 
ducing, 

x—3=3B(x4—1)+C(x—2); 
to find Bs, let r=2, then n=—1; 


to find c, let z=1, then c= 2 ; 








x+ax 6 1 12 

** (z—2)(a—1) (a2 2-2 2—1 
. (v?+a)du _ (°6dz dx "2dx 
8 (2—2)%(@-1) J (a@—2) J a-2 Jal 


6 ‘ 
= ——5—log(e—2) +2 log (#1) 


_ 6 ‘e—1) 
=~—3 +log aes 


H 3 
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The method employed in this investigation will apply to 
all similar cases. 


9 - ade 5 tlog B+2 
Po J (e@t2 (atl) 242 Sati" 
| Y _ | ‘Ine 21 
. Say @—1) S@+2) 78 8 FE 
2)dz (x? —2)dx 
x xv(x—1)° 
w—2 _A se a Sea 
a(x—1) 2 2? 2 xl’ 
x? —2=a(x—1)+Ba(a—1)+c2%(a—1)+p2%... (1); 
to find A, let z=0, then a=2; 





4. To integrate ae 


Let 


substituting this value of a in (1), transposing and dividing 
by 2, 
e=2+B(e2—1)+cx(~—1)+Dd2z?.. . (2); 
to find B, let r=0, then B=2 ; 
substituting this value of B in (2), reducing and dividing 
by x, 
1=2+c(a—1)-pz... (3); 
to find c, let x=0, then c=1; 


to find p, let x=1, then p= ~—!1 ; 


PA ea elo 
°* Ba—l) a *a2 2—l’ 


(@—2)dex_(°2de , oe de (= 
=I 








w(a—1) a IF 
1 2 1+2e r 
= — = tlog x—log (a#—1)=— a +log a 


+log 


5 f° @+10)dr_10 = 
| ° w—3x2 3a a a 
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8rd. When there is a quadratic factor having impossible 
roots. 


j x? dx ma x? dx Bae 211i 
‘ eiaiteri (etl) (@+1)' ere x*+1 18 a 


quadratic factor whose roots are impossible. 


A , M£+N 


— 


x? 
tet @EI)@ FI) a4] * a 4l° 
clearing of fractions, 
x2=Aa(a?+1)+(e+1) (mr4+n)... (1), 
to find a, let z= —1, then a=1; 


substituting this value of A in (1), and transposing, 





2 _ 
(e+1) (azon)aon— it! =, 
2 2 
dividing by z+1, 
x—l 
MZ -+N=-—3- 
"* (x+1) (e241) 2(a4+1)  2a?+1)Y 


: x? dx = fret (a—1)dx 
°° J etzttatl 2(a+1) 2(z?+1) 
adx dx 
=4 log (e41)+3 foe -4 ms 
sed log (v9 +1)+4 log (a?+1)—} tan a. 


dx a2 Var+l- 1 yy ae 
2. fa-seacin—} log ao 4 tan—!z, _ 


3 ‘ 
3. ee ion Cage | tan-! 2. 
e+xr2+ae+1 (x24+1) 


3 H 4 








\ 


\ : 
\ 


‘. 


f 
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wide 
ee th 
(a1) (aw? +BY where there are two 
quadratic factors having impossible roots. 


4. To integrate 


Here we must assume 


x _Ar+B  C#+D 


(v?+1) (w?4+2) 22+] +7249 ; 


clearing of fractions and arranging the terms, in the left 
hand member, according to the powers of x, 


v’=(A+C)a3+(B+D)a?+(24+C)2+2B+4+D ; 


hence we have, by equating the coefficients of the like powers 
of x, 


a+c=0, and 2Aa+c=0, .*, a=0, and c=0; 
B+D=], and 2n+p=0, .. B= —1, and p=2; 


ee ee oe 
"* (4241) (a2+2)  w?4+1 0 2242’ 


e _ dr — = F — —— - +2/5" 
°° (a? +1) (a? +2)’ ari x?+2 


= —tan—! r+ ,/2 tan-! — ae , by form (c). 





; dx aH a ey By es 
| o. Sexy (24473 tan iF tan > 


6. Boe ee lo ewe tan-! 
(w@+1) (@—1) (43) Sih ps ae 


Here we must assume 


CC A BOT, 
(+1) (@—1) (v?+2) m+1 a—1 2°42 


and then determine the coefficients by the method followed 


in Example 4, or in Example i. 


RATIONAL FRACTIONS. 


rdx 
@+1)? @+4) 
x _ A B Cr+D 


@rlp@+4) (rif atl 24P 


7. To integrate 


Assume 


“. =A? +4)+B(e+1) (@?+4)+(cxr+Dd) (a+1)?; 
to find 4, let r= —1, then —1=5a, », A=—1; 


ubstituting this value of a, and adding 1 to each side of the 
quality, in order to render the equation divisible by x+1, 


x+1=1(1—2?)+R(7+1) (2? +4)4+(cr+pd) (@+1)%, 
“. L=}(1—x)+B(x?+4)+(cx+b) (w+1); 
to find B, let z= —1, then 1=3?+53, .. B=33; ; 


ubstituting the value of b in the last equation and reducing, 








3x*—5x—8 
Cr+D= —z 5. z+1 == —~), (382—8) 3 
ak xdx __,f a4 mes dr ,_ f*(38x—8)dx 
(w-+1)?(a24+4)~ 8) (~+1)? z+1 23 ae+4 


ate f fittles GP +4 tan—)- 5 See Ex. 1. 


g x? dx blo ies a” ee, 
° (a—1)? (2# +1) 5 3? 24] ~ Qa—Ty 
4th. When the highest index of x in the numerator ex- 
eeds that in the denominator. 





Fractions of this class (as well as some others) may be 
ought to a form admitting of integral by actual division. 





2 
1. To integrate os 
a+bzx 
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Here, by actual division, we have 


x x aa 1 


hd * at bx 
xidx = a2 o 
a+obz . 8 a+be 


ax a’ 


x? 
= 35 pi te 08 (a+ 22), 














|* Gaba Bb— Ot Be pe 8 (0402) 
| 3. — +- 52 108 (a+ bz). 
I] 
Here eo =lta 
2 faS =e = =x+ flog =. 
|. f SF -1 log (z?—1). 


INTEGRATION BY PARTS. 


93. Since d(zv)=zdv + vdz (Art. 40.), where z and v are 
functions of the variable z, 


“. zv=/2du+/rdz, 
°, fzdv=zvu—fvdz. 
, This is called the formula of integration by parts; by it 


| we are enabled to integrate any function zdv, provided the 
} function vdz admits of integration. 
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EXAMPLES. 
lL. far(1 + 2?)tde=fa2(1 + 2?)adz. 


Here we must put (1+.2?)4xdx=dyv, since it is obviously 
‘he differential of a known function. 


Let x?=z, and (1+27)!xdx=dv, © , 
”. 2rdu=dz, and 7,(1+2?}}=0v; 
& {1+ 2°)dr=fzdu 
=2v—fvdz 
= 2? x y5(1 + 2*)P —(45(1 4+ 27)* x 2adx 
= (1 + 2?)5(52?—1). 


2 
2. f(a? + a?)ide= > (a? + a2)? +5 log {x+(2?+ a?)*}, 


Let (x24 a2)t=z, and dx=d, 
. xdx 
Sf (22+ a? fdr=fzdv 
=2zv—fvdz 


—(22+a9)?.2—fx. 


=dz and r=v, 


gan 
(x? + a2)? 


= 2x? + a2) poo (x? + a*)\dx—atdx 
(22+)? 


=—a(22+a2)t (22402) de+a f- rie 
by transposition and form (f), Art. 90., we have 
2 f(x? +a2)'de= a(x? +a?)t+ a* log {x+(a?+ a2) ; 
by dividing by 2, the proposed integral is found. 
H 6 
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Pee oe bP. oe 
3. S (a? —22)\de= F(a? — 2*) +5 sin a 


Proceeding exactly as in the last a we find 





2 9?) de —9( a? —72)* 
. 2 [ (a? —2?)*da=2(a? —x?)? +a? (a pl 
. whence by form (e) and dividing by 2, the integral is found. 


4, {(x2+2ax)tde= f{(x+a)?—a?}*d(x+a) 
2 
=e + 2ax)? - 5 log {vn+a+(a?+ 2ax)* ; 


by making a? minus in £z. 2. and then substituting 2+a 
for 2. 


) 5. {(2aa— x*)*dx= f {a?—(x— a) bd(a—a) 





SF“ Gar—at +5 * gin-! = 


bd 


by substituting 2—a for x in Ez. 3. 





2\—3 
6. tnarr 2. (142?) adx. 


Let x?=2, and (1 42°) ISrdz=dv, 





-. 2xdx=dz, and 
xrdz 


(1+2%)% 





= fzdv 


—ZU —{vdz 
x 2dr 


engi (1422)! 
esos a\3— 2 +s x 24.2 
(14 rier 2(1+27) (ig.ani 
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7. [== aes 3x242 
ie (l+a2)i = 8(1 +22)! 
! 

aida 
is fz 


: (@a_x)k= —2 ai(2a —x)t +3/( 2axz—zx)*dx. 


(See Ex. 5.) 


2 
9. fx log nda==( log x—2). 
Let log =z, and adr=dv; .°. de, and Fr 


”. fx log rdxr=fzdv 
=zu—fvdz 


pp 22 
we de, 


=log #. > — a ° e 


x? x 
=log zx. 3 — 7 Hh. 





Fs a grt [ ] 
10. fix log xda—="—— \ log 2). 


{ 
Lf verde =e (2-3). 
a @ 


Let r=z, and e“dr=dv; .°, dx= dz, and —=0; 


-» {xe“dx=f zdv 
=2v—/vdaz 

= - e ax 

a a 


* The student should endeavour to acquire the power of writing down 
this equality without going over the intermediate steps given in these 


examples ; thus 
dr 


fz log rdzr=flogxxxdr=logz. aS 3 a 
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12. fsin— xrdx=z sin r+(1 — x), 
Let sin—' =z, and dr=dt ; 


ae sie eas. and 2=v; 
(i —22y 
”. fsin— rdr=fzdv 


= zvu—fvdz 


=sin- 2. v- f a 
(1—a) 


a] 
| 13. | i ae a—(1—z?)3 sin— 2°. 
— x")? 


‘14. ftan— xdx=ax tan— —log (1+2?)!. 


Rationalization. 


94. Functions of the form { x™la+ ba") dr may be rae 


tionalized when — > OF au. is an se ae 


he os a” 
(I.) Assume a+b2"=27; a+ S Le 


m 
zi—a 
( Shee ay ; then by differentiation, 


bn 


Le = 


4 a Qu! : 
oan — st & 7 lee Oe 
ce ps . mdr q Vog eae 
j, tt x SO "(ean dz; 

Ron 


multiplying by (a+ ba): or 2”, and integrating, 


fx" a + bxt)a deaf 2a a)n- idz. 
nbn 


Now, when = is an integer, the binomial (2?— ay? can be 


expressed in a finite series of powers of z, and hence the 
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integral .can be obtained in finite terms. The condition 
wy 2 positive integer, is called the first criterion. 

P mp _ P 
CII.) Again, 2™-""(a+b2")ode=a2™o7'(axr" +b); now, 
from what has just been shown, this latter expression is 


integrable if {a+} +(—7)=a positive integer ; that 


e e m e e s ° « e 
is, if = te =a negative integer. This condition is called 


the second criterion. 
In this case, therefore, we must first put the expression 
under the form above given, and then assume az-"+ b= 27. 


EXAMPLES. 
1. Let fa3(1+22)'dx be required. 


Here n= 2, m—1=38; 2 m= 4, and m_4 
n 2 


integer ; hence the first criterion is satisfied. Since p=3 
and g=2, 


= positive 


. assume 1+2?=2?; ., at=(2?—1); 


(1 +22)! — 28, and adx=(z?—1)zdz; 








fe +02\ide= f(22—1ztdz =F = 
=! oat says 
rreiry ad a-*(14+a°) Sdz. 
Here n=2, m—1=—4; .. m=-— 83, and —— re 
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BF te Pp 1 
fore the first criterion does not apply ; but g=2, ay 


and ae =~$—5= ~—2; which shows that the second 


criterion applies. 
Then f= fa-Wa-2 41) de ; 
at(1 +?)3 
. assume a~?+1=2*; ., a4 =(2?—1)2,a-3dxr= —2(z?—1)dz 


: xdx —— fie 1)dz ee ee 
(t+) : : 


Cd 


_(20*—1)(1 +2%)! 
Bas 
3. f 2°(1+2)ide. 


Here 2+ : = 3, therefore the first criterion applics ; 


-. letl+xr=z, «. 22=(z—1)3, 2. a'dxr=(z—1)*dz; 
2. So +2)tdx= f2(z—1)%dz, 
= 2245221424 93)=23(1 +2) 522-40 + 8). 





> at 

f= TOS AC tabyh (21 +28)9—3(1 +a) +1) ; 
(1+27)5 

this comes under the first criterion. 


. me 2 _ p2 
| 5. St Ato) © me 2 ce) by 2nd criterion, 


6. f2x(a+z)idr=2,(a+x)}(52—2a). 


7. ff ie gi 42P +0142) 
+2) * (1+2)! 
| 
oe nia 20+ be) pat gabe ager) 
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Here GraUttas, hence we must assume 


2 
mag? 0 Sty, of 2? — a Pz 
a+ bat=z’, .*, x3 dr=—~, 2(22?—a)dz ; 


"dx 2 2 f2 223 
2 fiBi daa apn (St oat} 


= a8 10az? + 15a?)= &e. 





“adx 1 "(2z—a)"dz _ 
oe Coreayn pen Sf oo aagth , assuming a+be=z. 
When m is positive, this can be expanded and integrated. 

e ar 
GO. amen = —(mtn) 1 —n 
lai Je Cag Oy de 


1 (*(e—byn 2 
= eta ees. <3 ey eae 
=a cea by making az !1+b=<z. 


Which can be expanded and integrated when m+2—2 is a 
positive integer. 


Method of Reductwn. 


95. This method consists in making the proposed integral 
lepend upon another of the same form, in which the indices 
are diminished, so that by repeating the process, we at length 
arrive at an integral which can be determined by forms 
wlready established. 


(1.) To diminish m in the formula u,,= fa™(a + bz") dz, 
where r muy be either positive or negative. 

Integrating by parts, Art. 93., we have 
bm = fae—tl (a+ ba") x"—'de 
a a-ha yr _m-n+l . 


e+) noe EI S2r-“a-+ batytldz ...(A) 
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Now {a"—-*(a+ ba")! dx= fu"—-" (a+ ba") (a + ba"\'dr 
=afu"—*(a+ bx") dx + bfu™(a+ bx")'dx 
= au,,_, + bu,,. 


Therefore, by substituting this in eq. (A), and solving the 
resulting equation for w,,, we obtain 


- _xr—tl(a+ba)yt)  a(m—n. m+), 
™™  b(ar+m+1) b(ur +m +1) *m—ns 


where z,, is made to depend on wu,,_,, that is fa™(a+ ba" \'dz 
on /x™—"(a + bx")"da. 

By repeating this process, w,,_, may be made to depend on 
Um on, 2nd so on. 


In the formula (A) the , integral is made to depend on 
another of the same form, in which m is diminished by , 
and r is increased by unity. 


(II.) To diminish the index 7 in the formula 
u,= fx" a+ bx")'dx, 
where m may be either positive or negative. 
u,=afa™(a+ ba") dx + b/x"' "(a+ br") dz ; 
but by integrating by parts, we have | 
fer(at+bar)y—dr= fa". (a+ bx")—'x"—"'dx 


_ am! am! a + Aaty 
 gbr 


i | 
ee br fxm(a+bx")'dx; 


substituting this in the preceding equation, 


we” "a+bar)y m+1 


U, = aUu,_, +——____+ - ——u 
r r—] n? nr r? 
0. —@™ (a+bn") aur 


nur+m+1 nr+m+i1r- 
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where uw, is made to depend upon w,_,, that is 
fu™(a+ ba")dx on f(a + bx")—"dzx. 
By repeating the process, w,_, may be made to depend on 
U,_9, and so on. 


ea ae ; = dx 
(It1.) To diminish m in the formula wah, map bay 


where 7 may be either positive or negative. 
Multiplying num". and deno’., by a+6x”, and splitting, 
dx _ ade bd ; 
aa ¢ bar) 2™(at+beyl  2™—"(a+ba")’ 


by integration and transposition, we have 


wwf 4 oy... 
m=) am(at bay a m3 


now integrating by parts, we have 


» dx = ] dx 
a*(at+bxy— J (a+ba*)* 2m 


= a eee esd) a! 
(m—1)a-\a+ bay m—1 J an-"(a+bry’ 
substituting this in the expression for «,, and reducing, 


] m1—r)—m+), 


tr a(n — Vem a$ bat am 1) 


m—n : 

where 2,, is made to depend upon w,,_,, and hence, by re- 

peating the process, m may be reduced by any multiple of 7. 
(1V.) To diminish the index r in the formula 


— f_vrdr 
is a (a+ bx")”’ 


where m may be either positive or negative. 
Multiplying numerator and denominator by a+ bz" and 
splitting, 
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xr"dx ax"dx bu™ "dx 


(a+ ba")! “(a + bx") ‘ (a+bx") : 
by integration and transposition, we have, 
ae b xm nda ss : 
oT a J (atbaty a? 


now integrating by parts, we have, 


anna =f« athe x—\dx 
(a+ bx" yr "(a+ba"y 
sea ene xe m+i1- amd 
nb(r—1)(a + bar)! " nb(r—1) SJ (a+ bern!’ 


substituting this in the expression for w,, and reducing, 


"~ na(r—1)(at bay al n(r—1) ae 
where 2, is made to depend upon w,_,, and by repeating the 
process, 7 may be reduced by any number of units. 

s6. Let the function be #,,= f — iam 
(1-22)! 


Here method (I.) applies; a=1, b= —1, r= —', andn=2. 
Therefore the formula of reduction becomes 


m mM. eee 


It will be highly instructive to the student to apply the 
general method to each particular case. 


ad. > 
Here u,,= =f - eft gn} de 
(1-22)! (1—22)} 


hence we have by the formula for integration by parts, 
(Art. 93.), 


Ug = — 21 — 2?) + (m—1) fa™2(1 — a), 
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a™—dx x"dx 
! (1—a2)h J (1—aryt 





Now /x™-2( 1 —2?)ide= 


by multiplying and dividing by (1—2?)2 and splitting 
x 2dx 
2 u w= e112 (mf 
ae "1 =a) m—I1 f*x™*dx 
m m S (1 — x? ye 





7 (m— 1 een 3 








By putting m—2, m—4, &c., for m, this integral is finally 
reduced to 





> dx 
Bie a eee when m is even, 
—2 
> wzdx 
and to a i — (1—22)* when m is odd. 


3 
Ex. 1. Let f be required. Here m=3. 
(1 —a?)! 


: f- dx ne: —ax?) af- xdx . 
e®@ — + 
at (1—2?)? - 3 (1—a?)? 











2/1 — 72\% 
= SUSE) _2(1 — a2) — 41 2) a? +2) 
2. Let f. MBit be required. Here m=4. 
(1—2)* 
aide r(1—a?)* af x2dx 
(1—22)4 4 + (1—a?)?’ 


then substituting m=2 in the formula, 


S- x?dx a _ x(l- y+ dx 
(1—2?)) 2 (1—22)i 


= —d2x(1 —2x?)) +i sin —!z, 
4 
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substituting and reducing, we have 
act dat ws 3x 
“= —(1—2?)3 3 +! ea ~1 
(—22)\= (1 oy Gt 3} 2 sin—!z. 


dx 
97. Let «= fis i+aty be required. 


Here method (IV.) applies; a=1, b=1, n=2, and m=0 
Therefore the formula of reduction becomes, 


Sa a ee a 2r—3 det ; 
(1 +a?) 2(r—1)(1 +a?) © 2(r—1) J (1427)? 


By this formula the integral is finally reduced to 


SS =tan-'z 
1l+7? : 


dx — = 
Ex. 1. Let Sits be required. Here r=3, 


e dx 
. fats + 24)3— 4(1 qisat her (1+ 2)? : 


then making r=2 in the formula, 


de OE ay oe 
(1+a%)?~ 21142?) ° 27 l+a2 


x 


=s > +4 tan- 
21-02)? Son 
therefore substituting this value, and oe 
dx x 3 


Sa ee —~]) 
(ita) a 4a) 8” ee Teta eee 


98. Let Sf: soe be required. 
x(a? — 1) 


Here method (III.) applies; a=—1, b=1, n=2, and 
s=}. Hence the formula of reduction becomes, 


ie dx 1 (a re ee fe dr 
a"(a?—1) ~ ma | i m—1 fF gmx 2 1h 
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By this formula the integral is finally reduced to 
A 
a(x? — 1)4 


y eee 
and to | (2 —)) when # is even 
x?(x2—1)3 x 


ia 1. Let m=3; then 
dx Be Cet 
i xi(x2—1)) 22? 
2. Let m=5; then 


> dx e—1)F 
x(a? — o ae a eas (eae 
2.1) 
- but t{ —-— (=) +} see—! 2, 
aa? — 1 Ny 2x 


Se, Be _ (2 2—1)4 g (2-1), 2 ai 
SD snip ae AE tet 


99. Let / (a? —x2)idx, n being odd. 


=sec—! a2 when m is odd, 


4 sec—! x. 








Here method (II.) applies; a=a%, 6=—1, n=2, r=G, 


and m=0. Hence the formula of reduction becomes, 


x(a? 22), na? 
n+l ore l 


Ex. 1. Let n=1, and a=1, then 


1 yp FO 2? Y: dx 
fU—2z)jd ar ae tos 2) 


_#0 ee) 


f(a —2Fde= 





f(a? — x?) ? Tap. 





+} sin-' x. 


100. Let be required. 


*a™dz 
(1 +27)’ 
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Here formula (A) of method (I.) applies; @ =], 4:1 
r=—r,n=2. Hence the formula of reduction becomes 


ti xd as hy eee gm!) 4 m aoe | x2 dy 
(1 +2)" 2r—2 (1422) 2r—2 Soe + gi!" 


Ex. 1. Let m=4, r=2; 


aAdx a 53 fi 
(1+2?)" mies 1+2? 


= i +22 ae 
~" 81 +a2)' 2 on™ 


9 





101. Sometimes it is requisite to employ a combination of 





a cyt | 
the methods of reduction. Thus let if : = be required. 


(1422): 
ITere we shall first reduce the exponent of the denominator 
by the general formula (Art. 100.); where m=5, and r= 3 ; 


: f= Se Eee. saf- ada 
AF (+e) (144028 Sf (1422) 


In order to obtain a formula of reduction for this last ex- 
pression, we have, by the general formula of method (1.), 
making a=1, b=1, n=2, and r=—3; 


f=, adr ae = J my aa a*)? — dane —f- an "dx 
(1 +2") mJ (1+a%)h 


let m=3, then, 
SJ: de =3a%(1+ a2} 2 * ade | 
(1+a?)2 
=4(1 +a) (a2— 2); 


hence we have by substitution, 


ade 
Sate +2) 





a+ aK 1 +29)"(a2—2), 
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102, Let tq= - (Ss _ 
J x™(a+bx)t 
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be required. 


Here method (Til. applies; n=1, and r=}; hence the 
formula of reduction becomes 


1 (a+ (a+ba)? 6(2m— 3) 


dx 
~ a(m—1) amt 2a(m—1) 


a™-\(a+ bx)! 
By means of this expression the integral is reduced to 


S- oe See Ex. 2. p. 145. 
x(at+bxey 


Ex.1. Let m=2, a=1, and b=1, then 





ff dx +2) _) de 
wate # (+2)! 
(l+2x)* , og (1 t+2)P-1 
Ses ia —¥%1 
= ae tayhy1 
103. Let maf —- be required. 
Zax —2*) 





ee yb 
This expression is the same as f= to which method 
o4—r\t 
(2a—2) 
(1.) applies; a=2a, b=—1, n=1, r=—}, and m=m—}; 
hence the formula of reduction becomes, 


1 1 
ee r= (2a —ry 


a 


a(2m—1) (ta hdx 
il (Qa—x) 
_ aml (2ar—a" 2ax—a2)t +n fe v™—ldx 
m (2ax—x2)* 


By means of this expression the integral is finally reduced 
to 





dx 


ae i 
(2ax — x") 


I 
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Ex. 1. Let m=1, then 
a 





xdx rt dx 
=—(2an—2? 
ae Roe OOS aa 
= b 1% 
= —(2ax— 2x)" + @ vers s 


2. Let m=Z, then 


2 
S- 25 5= —5(2an—aryty 2 mae , 
(2ax —x?) 2 / (2ax—2") 
oe — ent (24 3a\ , 3a? 2 
= —(2ax w(S+5 +-5 vers~! ss 


by substitution and reduction. 


104. To integrate exponential and logarithmic functions. 


Integrating by parts, we have, 





f em andy — * fe em~y"—'dz. 
a a 
j Ex. 1. lfn=1; 
_ ern en 


2. Ifn=2; 
2 
feredr=L™ _* pernde 


ey? _2 ez et 


auinmnenanaaliiit cman aati 


~~ @ a a? 


a? 27 1.2 
ae { oy aa }. 


4x3 .32? 4.3.27 4.3.2.1 
ls femadu=e* z Se ee 


a? as er ab 








=T 
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In like manner, we ~~ 
edz 


ease 
_ ew ee e~dx 
~ (m—1)a  n—1 rad 





er dx 
aoe 


which finally reduces the integral to f 


* If n=2, and a=1; 





td 
5. If n=3, and a=1 


e‘dx_ —s ei, erdx 
S53 = —tf S , by subst., 


er e e*dx 
ar Ps } 


hind 





sl +2)+3 


To integrate ct we have, by multiplying the develop- 
ment of e by =f 


e'dx dx dx xdx x?dxr 
x eo oe te Es at1.2 





at ke. 


e"dx x? x3 
of Pave stat Tt gmt fe 


105. Integrating by parts, 








mt o n 
fetes 2)"de=~ {ie =) _ es i Sa™ (log x)*--dz. 


12 
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Ex. 1. If m=4, and m=1; 
fe log rde= = 8 24 fete ™ flog x-—}}. 


2. fx? log nde= > flog z—1}. 


2 
3. fx? (log 2)ide=* CoB) —2 fx? (log x)dz 





= logs) fe log x, 2 
8 a 3 Br <3 


3 
= 5 {(log x)?— § log + $}. 


4. feX(log 2)'de=" ((log 2)*—} log 244}. 


Integration of Circular Functions. 


106. Functions of the form sin™x cos"vdx may be inte- 
grated by methods similar to those applied in the preceding 
sections. 


(I.) When one of the indices is an odd positive integer, 
as m=2r+ 1. 

Since sin"2=(sin?z)" sin z=(1—cos?x)’ sin a, 

. fsin™x cos"*xdx= fcos"x(1— cos? x)" sin rd 
= f{cos"x(1—cos?x)"d cos wx. 

Since r is an integer, by expanding the binomial, the 
expression will consist of a finite number of terms, cach of 
which may be integrated by rule 3. This will of course 
apply to fsin?"!!adz. 

Ex. 1. fsin'z costadr= {cost x(1 — cos? x)? sin adx 


y cos’a2 2ecos?x cosa 
= —fcos' x(1— cos?x)*d cos f= —— $e 





INTEGRATION OF CIRCULAR FUNCTIONS. 173 


cos®’z cos*xr 


Ee ern 


5 3° 





[ 2. fsin’z cos*xdr= 


3. fsin' edx= {(1— cos? x)? sin rdx 


3 5 
=—/{(1— 2 cos?a + costx)d cos x= — cos += 008 #_ 008 = 





cos? x 


4. fsin'adx= 3 





— COS ZX. 


5. fsin'z cos"«dx= soe oe 
n+l n--3 
Similarly, when n=2r-+1, we have, 
Ssin™ 2 cos*rdx= fsin™x(1—sin?x)" cos rdz 
= fsin™x(1—sin?x)'d sin z, 

which is integrated as in the last case. 

Ex. 1. fsin?x cos'xdr= fsin?a(1—sin? 2x)? cos dz 

=/{sin?x—2 sintx+sin'x}d sin x 


sina 2sin*2 sin’2z 





re ee a ee — 


5 , 
. 5 s 7 
: sin’a2 sin’x 
2. I sin‘z cos’ dz = —— —— —. 
o 7 


; sin"tlae sin"t3y 
3. fsin"2 cos? rdx yal ae 
(II.) When m+n=—2r, an even negative integer, 
sin”z cos*"x=tan”2z cos™'"z = tan™x sec?”"z 
=tan™2z(1+tan?2z)’"—' sec? x ; 
”. fsin™x cos*rdr= /tan™2(1+tan?zx)"' sec?xdz 
== /tan™z(1+tan?x)""'d tan z, 


which is integrable as before. 
13 
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Ex sec rdx _ "C1 +tan?x)d tan x 
; ae ares ~ tanezs ~ tanég 


2\4 
=/-E, putting z for tan z, 


(III.) The expressions fsin*xdzx and fcos"xdx can always 
be integrated when » is'an integer, by developing the power 
of sin x or cos z, as the case may be, in a series according 
to the multiples of the are z. 


Er. 1. jeostadr=f-{ 2 9+ ee es 8 


sin 52 5sin 3x Ssinzx 


—s. 


Pag dg eg 


cos 82 38 cos 2x 








2. fsinkzde=—— - a 
J 12 4 
x sin 2x 
3. fsin?xrdxr=-— : 
J ' 

| sin 47 sin 2x2 32 
4 oA m4 Pinal, ny agree cee ee SN seas 
oe fsint rdx 39 4 F 


107. When neither of the conditions of Art. 106. is satis- 
fied, we must proceed by the method of reduction. 


(1.) Toreduce m in #@,,=/sin™z cos*zdz, where n is either 
positive or negative. 


Integrating by parts, we have, 


u,,= —fsin™-'x cos"xd cos x 


sin™"'7 cos™!r m—l 
n+1 





eres sin™ “x cos" *adr... (A). 
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But fsin"™~x cos*?adz= fsin™“*z cos* x (1—sin?x)dx 
=U, 9 Um 
Therefore, substituting this in eq. (4), and solving for z,,, 


sin™— x cost! x —] 


25 je Oe ey 
m+n m+n ™* 


Um 


After the same method the index x is reduced, supposing 
it to be positive, and m either positive or negative. 


Fix. 1. Let m=38, and n=—8; then 
sin’ adx _ sin? x 2 sin raz 
cos’x  Scos’x 5 cosS§ a 


sin? x 2 


—~ 5 cos’x 5.7 cos’x- 


sin’ rax 1 ; 
2. —_—_ — = —,,,_ (sin? x — 3). 
cos! x cos? x 


i 3. Let n=O, then 





am) 


! sin™'z cosx m—] 
Un J sin” xdx= — ——_—_—— 
m 





Ld 
M2 > 


a formula by which fsin"zdx is reduced to—cos x or z, 
according as m is odd or even. 


sin 37rdx 
4. —, —==COS ©+SEC 2. 
~ cos? x 


, sin™ xrdzx 
(IL) To reduce 2 in a pe where m is either 
COs” x 
positive or negative. 


Multiplying by cos?z+sin?2=1, and splitting, we have, 


sin™ x(cos*x + sin? x)dx arid 
Gos" = Una F 


14 
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Now, integrating by parts, we have, 


sin™+2adz sie d cosa 
————— = — fsin™ 2. - 
cos" x 


cos" x 
i ie 
(n—1) cose n-1 ** 


Substituting this in the equation for w,, and reducing, 


sin™t! » Pipe =2. 
~(—lycos“ at ay 


After the same method m is reduced in the formul 
cos” wax 

“sin™z * 
Ex. 1. Let m=0, then 


> dx gee sin x Bide 
cosz  " (n—1)cos* 2° rn—] " ?? 


. fi & _— sin x Lae 
me cosa © Scosa 5” 


5 
a sin 2 ie 
3 cossaz (3 ” 


u > du ; 
=j--,-=tang; 
2 COs? 2 ‘ 


2 








u 


» dx sin x 4 sin az Tic ' 
—— mH Ot stan cr. 
cos*2 dcos*a .dcussu 5.3 


2, ie etl ! hog tan { 3 +. a7 
cos’a 2 cos?x +5 4°52 
(IIL) Since d tan e=(1+tan’a)dde ; 
”. ftan"xrde= ftan™-? ri +tan?x—1)dz 
= ftan" 2ad tan a— ftan™ ade 


tan” a 
se tan”? rd. 
m— 1 
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Ex. 1. ftant edx=} tan?x— ftan? adz 
; =1 tant'z—tanxz+2. (Ex. 9., p. 137.) 
2. f tan? xdx=} tan?z+log cos z. 


In like manner, we have, 


= y+ tan? a— {1 + tan? 2—tan*x)dx 
my ny Ann 7; 


ay pees ae 
~ (m—1)tan™—' x tan™—2 3° 
dx _ —l 1 


sa ee ee  r'sin: &: 
tan’a 4 tan‘ zto tan’ 2x 7108 


} 

j ; 

108. Functions of the form 2* cosz and 2* sinz may be 
integrated, by repeating the operation of integration by 
parts. 


Ex. 1. fx .sinadx= —x cos x+/cos rdx 
= —xrcosx+sin x. 
2. f/x? . cos rdx=2? sinx—2/zx sin xdx 
=x? sin x+2(x cos x—sin x). 
3. fx cos rdx=x sin z+ cos 2. 
4. {x3 cosxdx=2° sin x+3.2? cos x—6x sin x—6 cos z. 
109. To integrate e™ sin zrdx, &e. 


By a double integration by parts, we have, 


‘ 1 : n 
fe sin nudr == et sin alae | eT cos nradx 


1 : nl n ; 
=-e sin ur~—- 4 — e* cos nx+— fe sin nxdxr fF. 
a ala a: 


Solving this eq. for the value of fe** sin nxdx, we obtain 


a Sin NY — 7 COS NX 


‘e™ sin nxdx= e% 





15 
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acosnx+n sin nx 


Similarly, fe cos nxdr==e* n+ al 


130. By substituting for cos*z and sin"2, their develop- 
ments in sines and cosines of multiple arcs, the integrals of. 
e** sin"xdx and e% cos"adx may be obtained. 


Ex. fer sin? r=fer%(4—4 cos 2x) dz 
=4fetdx—4 fet cos 2xdz 


_@ e cos 2x+2 sin 2x 
eet ee 


DEFINITE INTEGRALS. —INTEGRATION BY SERIES. 


111. In order to determine the value of the arbitrary con- 
stant C in an integral expression, we must first ascertain, 
JSrom the problem proposed, what particular value of the 
variable x makes the integral 0; by this means we shall 
have obtained two equations, cach containing c, from which 


c may therefore be eliminated. Thus we have / wde=" + c 


for the general value of the integral: now suppose the 
problem indicates that the integral becomes 0 when z=a, 


at ; 
then O= is +C; therefore, by subtraction, we find the corrected 


- yi? bis 
integral to be f adn = — i. Here the symbol f is NOW 
ea ea 
prefixed to indicate that the integration is taken from the 
limit r==a, that is, the value of the integral commences when 
ea. This form is called the corrected integral, which, as 
we have seen, assumes the commencement of the integral, 
but does not assign any particular value to 2, so as to fix the 
final limit of the integral; now if we suppose x to take some 
2 
particular value, say 6, we have of ahde=s ©, which is 
a 
called the definite integral taken between the limits r=a 


and x=6; where a is called the inferior limit, and 6 the 
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superior limit. Generally, let /f(1)dxy=F(x)+Cc; now if the 
integral is O when z=a, then O=¥F(a)+c; therefore, by 
subtraction, 


Sf S(a) dee =F(r)—F(a), which is the corrected integral 
If x now takes the particular value 4, then 

b 
f JS (x2)dz=(b)—¥F(a), which is the definite integral. 


Hence it follows, that the definite integral of an expression 
is equal to the difference of the values assumed by the general 
integral, when 6 and a (the limits) are successively substi- 
tuted for the variable x Moreover as every function of x 
may be supposed to represent the ordinate of a curve, 
the abscissa being x, the problem of finding the value of 


f J(x)dx, is equivalent to finding the area of a curve in- 


cluded between the ordinates corresponding to r=a, x=b. 
(See examples on the area of curves.) 


EXAMPLES. 
7 
1. To find the value of the definite integral f (1+2)"dzx. 
0 
Here the general integral is 
| i »\n77. are n+] 
{(1+z) eee j Ci yr ec, 


therefore making successively x=1, x=0, and subtracting 
the results, we find 


i 1 ] I 
n —_ nti oe n+l . 
Sf (+ayide=o—, . 8 el) 
tin 
2. To find the value of f cos xdx. 
) 


The general integral is fcosadr=sinx+c; therefore, 
making successively x=4, 2=O0, and subtracting the results, 


we find 
16 
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i 
f cos zdz=sin 47—sin 0=1. 
0 , 


1 
3. To find the value of f (1—2?)*dr. 
0 


Here, by Ex. 1., Art. 99., the general valuc of the integral 


ati 


is f(1 —2Fdr= ~—-. +4 sin-!z+c, 


: eee ere ee eres Wg eee, cd 
es : (1 —2?) —% sin 1-4 sin O=3 +5 


eee 1 "dx 
4, To find the value of the definite integral # ————.. 
o (1—at} 


In the formula of reduction, Art. 96., put 2m for m, then 
we have 


=f- xd or") a (1—a2)) one / bar saiiamnd (| 
ee 
(l—a2yb (ag r 


7 sh ; nee 52 
an on—1 Dn “en—2 





by putting, for the sake of conciseness, q,,_, for 2"-'(1 — x?) 
Let x—1, n—2,..., 1, O be put successively for 2, in the 
above equation, then we have 


ue ie 2n—1 
a ee > eae nt oS (yA 6 
22 an Von—) 9 NM Qi 2 
, +e 
20 bs, 
2n~2 7 @ Lens Dy — 2n—4 
= 2n—s5 
Umn—4= 5G ~ 4 Yn t 5 4 Usn_¢ 
Us=— 3 ty Uo 


Ugz=sin—! x. 


In order to eliminate all the w’s, excepting the first, mul- 
tiply the second equation by the coefficient of w,,_, in the 
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first, the third by the resulting coefficient of w,,_,in the 
second, and soon; then add the equations thus obtained, and 
strike out the terms common to both sides of the resulting 
equation ; hence we find 


Sen, (227-1) Gens } (n=l). 3.1 : 
Min=— 1 on + on(Qn—2) tT ©" § + Bn2n—2)...4.9 12 P+ 
which is the general value of the integral. 
Now if the integral becomes 0, when r=0; then c=0, 


for Jy,_)= 2" (1—2z?) =0, when z=0, and so on to all the 
other q’s. 


When x=], all the g’s become 0, and sin z=7; 


col 








: "1 oda _(2n—1)(2 pa 3.1 
f (1-2?) 2n(2n—2)... SD 


This result may be more readily obtained by the method 
employed in the following examples. 


ain 
5. To find the value of maf sin™ xd. 
0 


Here, by Ez. 3. p. 175., the general formula of reduction is, 


sin”—' w cos em m—1 


ag a 


m (1 


“M29 


in which, if we make successively z=}, =O, and subtract 
the results, (or, what is the same thing, tuke the integral 
of both sides between the same limits, ) we shall find that the 
integrated part vanishes by both substitutions, and then we 
have 


m— | 


Gn * Umn—2 


where ¢,, is the definite integral, w,, being the general one, 
Now, making m successively 2, 4, 6...m, we have 
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ie *% 
g=in=if de=3.5, 
0 


Vs= 29a 
=e 
m—8 
VWn—-2 = 5 m— 2 Um—4) 
m—1 
In m Tin—2 > > 


multiplying all these equations together, and striking out the 
factors common to both sides, we have, when m is even, 


rae ed, 1-8 +5...(m—3)(m—1) 2 
Ym or f it seam AT Gar ON PRE yma 


When m is odd, the first integral in the above series is 
adr 
93= 39) =3/ sin rdx = 2(—cos } 2 +-cos 0)=2, 
0 


. ter dna t+ 6. (m—1) 
me | ae — -BL5. Tn 


6. To find the value of af (a? —x?)?, being odd. 


Here the general formula of reduction is given in Art.99. 
If we make successively z=a, 2=9, in this formula, we shall 
find that the integrated part vanishes by both substitutions; 
hence, by taking the integration on both sides between the 
same limits, we find 


a n nae a nm -2 
= 2__ 92)? Gr. 
vA (a?— a? ¥de=7 5 S (a?—22) ? dx; 


making 2 successively 1, 3, 5, &c., we find 


ea a? ®a _ a- 
JS (a? —2")ide= me (a? —2?) td =} ° x7 


a 2 73 @ 1 
f (a?—29)hde="S (a?—a?)idz, 
0 0 
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a | 5 2 a 2 
f (a? —x*)3d2= ~ ff (a? — x? )da, 
0 0 


ee eet na aa 
Sf (a?— 2?) ae (a2?—a")? dz; 


multiplying these equations together, and then striking out 
the factors common to both sides, we find 


1.3.5...” rant 


f a Ba aR! 6 CTI 2 


112. When a proposed differential expression cannot be 
integrated by any of the ordinary methods, it must be ex- 
panded in an infinite series, and then each term can be sepa- 
rately integrated. There are also many important expansions 
which may be obtained from the integration of a series. 


EXAMPLES. 


1. Let tan af, +c be required in a series. 


By division, we have 





i “=( —xz*+ 74-75 + &c.)dz, 
ig 3 
oe tan! H pos aa=et 42 &ec. +0; 


but when 7=0, tan—! x=tan-!0=0, .. c=0; 


. tan tae SL &c. 


Pees eee f= S - va hesauined ina eatiee: 
(1—a?)2 
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By the binomial theorem, 
1. 324 





2 
(1—2°)~}de= (2 +5-+ 





* sin e= f(1—2x?) td 


1.32) 1.3. 527 


Sts 3 atg.a-eta a. ey t es (c=). 


3. Let log, (1+a}= _ +c be required in a series. 





By division, ge 


= ied Ge —x-+a7—23 + &c.)dz, 


- log, 1+2)= =t— 5 e+e — Be, +C; 


ioe 
1+z 
but when z=0, log,(1+z7)=log,1=0, ... c=0; 


2 y 
% log, (I+2)=a—5 +5-— &e. 


3 
4, To find f 7“ de 


By division, -— : goitetet 8c. ... (1), 
also by Art. 63. 


=] 4+—2_—— + &e. ... (2); 


log a.x _ (log a)? . x? 
1 Lia2 


multiplying (1) and (2) 
z 2 
=! +(1+log a)a+ €@ +280, Coe) a+ Re. 5 


multiplying both sides by dz, and integrating, 
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"atdx _ x? log a _, (log a)?\23 


o. To find | {—, = _.. 
(c—2)*(2ax—zx*)2 


By the binomial theorem, 
1 1 a\7? 1 1 2.1.3 2 


e S- dx — 
- (ec — x) 2ax—x?)3 


l > dx 1 «x .1.3 2 
ce! oe B ete a: mit &e f 


where the integrations evidently depend upon the general 
formula of reduction given in Art. 103. 





APPLICATION OF THE INTEGRAL CALCULUS. 


TO FIND THE AREAS OF PLANE SURFACES. 


113. Differential of areas. Let AN and NP be the co- 
ordinates of the point P in the plane 
curve APQC; AM and mQq those of 
the point @. Draw Qr and pl parallel 
to AB, and produce NP to meet Qr in 
Rk. Put aN=2, NP=y, NM=A, and 
area ANP=A. Now, conceiving the 
ordinate NP to move from N to M, we 
shall have Incr. x=hA, Incr. y=QL, 
Incr. A=area NPQM; and since tlle magnitude of a depends 
upon 2 (for as x changes A also changes), it nOHONS: that A 
must be some function of a. 





4+4WN » M B 


area NRQM_NM.MQ__MQ _ytiner. y _ 14 inery 


‘area NPLM “NM.NP NP ¥y ¥y 








186 INTEGRAL CALCULUS. 


Now. as # approaches 0, Incr. y approaches 0; hence, by 
taking the limiting values of both sides of this equality, we 
have, 
arca NRQM _ 
area NPLM 


9 


limit 
but Incr. A, or area NP QM, is always greater than area NPLM 


and less than area NRQM, .°. @ fortior, 


- e area NPQM 
limit —_—___-_—_=], eee (1). 
area NV LM 


Now area NPQM=Incr. A, and area NPLM=y.h, 


... 1 iner. A _ 1 da_ 
ee Beat h =], gage 











f 


‘ 
i 


= an or da=ydu ... (2), 


which is the differential expression of the area of any plane 
curve. By taking the integral, we have, 


A= f{ydz eee (3). 

This integral, after being corrected, by means of the limits 
in the proposed problem, gives the expression for the area of 
a plane curve related to rectangular co-ordinates. When 
the equation to the curve is given, the value of y may, in 
yeneral, be found in terms of x; and then ydz, the differen- 
tial of the area, may be integrated by means of the rules 
given in the preceding articles. 

In order to show the connection between an area and its 
differential, let us take a simple zllustration. If the base of a 
right-angled triangle be x, and its perpendicular y= 27, then 


the area A=ir7y=2°"; 
differenting this, we find the differential of the area to be 
expressed by : 


nd 
by 


x, or ydx; 
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hence, by integration, 
A=/{2adz=2?, 
which we already know to be the case. 


EXAMPLES. 


1. To find the area of 
the right-angled triangle 
CNP. 

Letcn=6, Np=f, co=xz, 
and On=y; then, by simi- 
lar triangles, 





riyiib ‘. L, oe y=, 


 anlyden (Rea, 
ce A=fydx= “hon 


In order to find c, let x=0, then arca=0, and this equa- 
tion becomes O=0+ 6, .*, c=0. 


Ix? 
Hence A=} which is the expression for the area of the 


triangle cop. When #=8, that is when co becomes equal 
to CN, we have 


: 2_ lb 
arca onpa=f yla= = 


2. To find the area of the parabola. (Sce fig. p. 15.) 
Let on=a, and NP : y, then 


y? =4aa, .. y=2aiz!, 


* The area included between the ordinates on and nP of any curve, is 
found from the general integral fydzx by making successively r=cn=b, 
x=coO=a, and subtracting the latter result from the former; but this is 
equivalent to taking the integral between the limits z=a, x=); 


e eb 
“ff, ydz = area OLN P, 
a 
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”. area ONP=/yde=/2ataidr=4 abzi +c. 
Here, as in the last example, c=0, since area =0, when 
z=0, 


% 1 
.. area ONP= ydx= 4 ar) =F xy, 
0 ‘ 


substituting the value of y. Hence the area of a parabola is 
equal to 2 of the circumscribed rectangle. 
3. To find the area of the circle. 
Let CN=2z, NP=y, CP or radius 
=a; then y=(a?—x?)}, 
”, area CNPD=/fydr=/(a?—2)idr 
a? 
2 
See £x. 3. p. 156. 


Here c=0, since area = 0, when 7=0. 


— 
— 


x 
sin) ~ +> (—z2)i+¢ 
a 2 : 





The value of sin-’ = can only be calculated by approxima- 


tion from an infinite series. See Art. 65. 


If x=a, the area CNPD becomes the quadrant acp, 
sd ae rar 
“. quadrant acD=f (@?—z?)’=-.. sin7l=—, 
f 2 4 
.. area whole circle ADBQ = 7a?. 


Cor. 1. If an=a, NP=y=(2ar—z?)}, 
-". area axa fi * (2ax—a*)$de. (See Ez. 5. p. 156.) 
0 


Obs. It should be remembered that f(a?—2x?)}dx expresses 
the circular area CNPD, where x is the cosine to radius a, 
and Sf (2ax— 2x?) dx the circular area ANP, where z is the 
versine to radius a. 
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4. To find tne area of the ellipse. (See fig. p. 16.) 


Let cN=2, Np=y, then y=. (a?@—2)?, 


b 1 
oe area CNPB=/ydx=- {(a?—2°)'dr 
b e 
= , cire. area CNP) B), 
where AB,DM, is a circle described upon the major axis. 


— b. 
-. elliptic quadrant DCB=~ circ. quadrant DCB, 


.. area whole ellipse=cab. 


5. To find the area of the hyperbola. (See fig. p. 114. ) 


Taking the centre c for the origin, cn=2z, NP=y, 
ae y== (2?—a°)} 
b 2 
.. area ANP=fydr=— |(x? —a?):dx. (See Ez. 2. p. 155.) 
bfx 2 suis 
=15 (a? -a?)\- | log (v+ eae} +¢. 
Now, when t=CA=A, areaANP=—O, .. O= me log a+C, 


ab ae : ‘ 
ae c=> log a; substituting this value of c, and reducing, 


we have 


_ty aby 24+(a2—a?)} 
area ANP= 5 — > log ers 
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Cor. Let the points c and Pp be joined, then 


area sector CAP=ACNP— area ANP 


ab, «#£+ ey 


= log 


ns 4} 


6. To find the area of the witch. (See fig. p. 19.) 
Let ON=2, NP=y, OB=2r, then 


__27(2rx — — 2?) 


- (See Art. 22.) 


(2rae—x?)idx 


. area =/ ydx=2r = 


(See £x. 8. p. 144.) 


== 27 { (2ra—2x?\i+r versin— =} +C, 


and c=0, since area =0, when x=0. 
Let x=2r, then the whole area OBPD=2r7 x rx 
=2cr? = 2(area semicircle OP! B). 


7. To find the area of the cissoid. (See fig. p. 20.) 


3 


Here jo (See Art. 23.) 


(2r—z)? 
“. area ON pa yde= f— (See Ex. 8. p. 157.) 
(2r—zx)* 
= — 2x3 (2r —x)+ 8 f(2ra—x?)dax 
= —2u (2re —x*)!4+8 (circ. area ONK). 


(See Obs. to Ex. 3. p.188.) Let x=2r7 then the whole 
area OBCP contained between the curve and its asymptote = 
3 (area semicircle 0K B). 
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8. To find the area of the logarithmic curve. 
Here y=a?. See Art. 24. 
*. area ONPB=x/ydxr=/fatdx 


~ log qt 


Q° 
now when z=0, area=0, .*, O=—— +¢, 
log a 


] 
{a*— a} =a gh PO? B) 
a 





ee area ONPD= 
log a 


=subtan. to Px (NP—OB). 


9. To find the area of the catenary, the equation being 
a, Zz 
y =5(e +e7?); 
es area =fyie= 5 (e+e @)da 
a? , = z 
— O) (ea—~e a) +c(=0). 


10. To find the areas of the spaces OVKO and APOA in 
Ex. 1., page 123. 
Here y=2°+3x?+2x; hence we have the following 
general expression for the area, 


A=/fydu=/ (x3 + 32? + 2x)dx 
=fat+a3+ar?+c...(1) 
In order to find the areaoOvx«o, let at and TV be the 


co-ordinates limiting the area oTV; then when z=ao= —], 
the area=0; .°, O=}—141+0¢, .. C=—}3 


wet 
ev. area n’ ref ydaz=}at -2 422—); 
—1 
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and when 7=AK=2, we have, 


~2 
area ovnosf_ ydx=} .16—8+4—4=-}. 
—! 


This result is minus, because x2 and y in the curve OVK 
have different signs. Irrespective of position the arca is 3. 

To find the area APOA; let AN and PN be the co-ordi- 
nates limiting the area APN; then in eq. (1) u==0, since 
x=0, when area = 0; 


area Apw=f ydxi=1a4—234 x7; 


and when r2=ao=1, we have, 
-1 
area APOA= ydz=4—14+1=}. 
0 


This result is plus, because 2 and y throughout the curve 
Aro have the same sign. 


TO FIND THE LENGTHS OF CURVES. 


114. Lemma. If s’ be the length of the arc ra, and ¢ the 


length of the chord PQ, then = =I, when s’ and ¢ approach 


0. (See jig., page 41.) 

Let TPD be the tangent to the point Pp; draw QD perpen- 
dicular -to PD, and put 2 Qrpp=@ ; then, Geo. Art. 73., we 
have, 

arc PQ >chord PE<PD+QD; 
but from the right-angled triangle rpQ, we have, 
PD=c cos 0, and Qp=e sin 0; 


ve S >C<c cos 6+¢ sin 8; 


= © >1< cos 6+-sin 6. 
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Now, by the definition of a tangent, Art. 33., when s’ ap- 
proaches 0, the limiting value of @ is 0, and therefore the 
limiting value of cos @+sin 6 is 1 ; 


me 4 oe aera 
.. limit » >1 <1, that is, limit sal. 


115. To find the differential of the arc of the curve. Let 
AN=2, NP=y, NM=PL=h or incr. 2, arc AP=s; then 
LQ=incr. y, and arc PQ=incr. s. 

Now, since the magnitude of s depends upon a, it follows 
that s must be some function of x. 


From the right-angled triangle PLQ, we have, 
(chord PQ)?=PL?+LQ?, or 





2 ; 2 
ct =A? + (iner. y)?3 gait (=> * 





c 


ce Ve Gee) fi " ee v)’ 1. 


multiplying by (“= *)'; we have, 











Now when / approaches 0, the limiting value of — 
ds incr. §__ stigr gy 
=F that of - = 1, by Art. 114., and that of oe ae 


a. 
=o hence we have, 
ds\? _ dy\? 
qe) =1+(Zt) - 


dy\? 713 | 
. ds= { 1+ (4) } de, or ds?=dx? + dy?.* 





* If, according to the method of infinitesimals, we may be allowed to 
consider an infinitely small arc rQ as a straight line coinciding with its 
chord, and to put p1.=dz, Lq=dy, and arc PQ=eds, which conditions 
really obtain at the limits, then we readily find 

PQ’= Pi +1Q%, that is, ds* =dr* + dy’, 


ad 
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Hence we have by integration, 
flay y= 


EXAMPLES. 


1. To find the length ofan arc of a parabola. 
Here. the equation of the curve is 7?=4az ; 


. Ba%, (Het, 


SG) y+ Sra 


ee, +5 log (a? + ax)'-+a+4a} +c. Ex. 9. p. 144, 


a,a- 
And s=O, when x=0; .°. 0=5 log 5 +e ; hence, eli- 
minating C between these two equations, and reducing, 


9 ) , 
s=(a?+4+ax)! +5 og st ney 


2. To find the length of the arc of the semicubical para- 
bola, whose equation is y?=a7z°. 


4 
Here y=ar', .* cm ae ; 


woof (r+) Panes [2S 


_ (44+ 9a°x) 
~ 27a 





+C. 


If s=0, r=0; .. Ogg te: oe C= —5753 3 
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(4+ 9a) —8 
oo 4-. 27a? ° 


This was the first curve which was rectified. The honour 
of the discovery is due to W. Neil. 


3. To find the length of acircular ar. See fig. p. 188. 


Let AN=2, PN=y, AC the radius =a, and arc AP=s; 





d a—zx 
os =(2ax—2x? 4. ere OG as 5 Oe : 
oe " dx (2ax—x?)} 
—-7)\2 73 
Po ds= { ] a (a 2) i adx 3 
2. $= pee versin—' o£ : (See Art. 89.) 
: (2ax—x?)? a 


and c=0, since s=0, when a=0. 


wa 


When z=a, the length of quadrant ap= 3? and the 


whole circumference =2ra. 


Obs. The various expressions for the differential of a 
circular arc whose radius is a, should be carefully remem- 
bered ; as for example, 


ous adx __—_—adx 

(Qax—22)i  ¥- 
4. To find the length of the arc of an ellipse. 
oe 
a(a? = x?)3 . 


b2g;2 a? —e*z? 
a?(a?— 2?) a? ~ a3? 


Here y=2(a?—2) a oY 


: dy\* _ 
214 (Z) =1+4 


a? pars 53 
a’ 





by putting & for 


e 
r | 
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‘3 — 
sf {SF one Vas =af {+="2 =F | az (putting a2 for 2) 
=of = {1 = efz4 1. 3e%z6 = i 
12) 2.4 2.4.6 "S’ 


expanding (1 —e*z? yi by the binomial theorem. 


‘ : ndx 
Here the integration depends on IFS Let the 


(1—2")) 
length of the quadrant be required ; then we must integrate 
from 7=0 to r=a, that is, since az=2, from z=0 to z=1; 
hence we have, by Fx. 4., p. 180., 


St zdz 1.3. se . 
0 (1—23)} z.4. on ° 2? 
hence making successively n=1, 2, 3, &c., 


f- ii AY Ag iS cl OND IS Pe 
A (1—22)) 2° 2 o(1—z2)) 2-40 2 


therefore the ie of the eae? of the ellipse 


ee ae 
a Rear 2° ae ie Be, are t— o,f, 


a series which converges ail when e is a small fraction. 
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Differential of the Volume of a Solid of Revolution. 

116. Let v=the volume of the solid generated by the 
revolution of APN round the axis AN; 
AN=2; NP=y; NM=A=Incr. 2; then 
QL or RP =Iner. y, and Incr. v= the 
solid generated by the revolution of 
NeQM. Now the solids generated by 
the revolution of the rectangles rm and 
RM, are the cylinders rL/p and rQqr, 
whose solidities may be found by £2. 20. p. 33. 
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solidity cyl. RQgr_7.RN?.NM_ RN? 
solidity cyl. pLép  «.PN?.NM_ PN? 
(y+Incr. y)? ( Incr. ») 2 
ae (14), 
y y 
Now as # approaches 0, Incr. y also approaches 0, 


solidity cyl. RQgr __ 


solidity cyl. pLip ne 


.. limiting value of 
But the solid pQqp is always intermediate between the 
two cylinders, .*, a fortiori, 


solidity PQgp sight 
solidity cyl. pLip~  ’ 





limit 


now solidity pQgp=Incr. V, and solidity cyl. pLlp=ay?h, 


. .. 1 Iner.v . 1 dv 
Pa limit zy h =). ee ay? ie 





oe Way’, or dv=ny"dx ... (1) 
which is the differential expression of the volume of any 
solid of revolution. By taking the integral we have 


ven/yrdz... (2) 


Differential of the Surface of a Solid of Revolution. 


117. Let S=the surface generated by the revolution of 
the arc AP(=s) round the axis AB; 
and Incr. S=the surface generated 
by the are PQ or Incr. s, due to the 
increment NM given to z. 

On PL and QR produced take Pl 
and Qr each equal to the length of the 
arc PQ; then P/ and Qr will generate 
cylindrical surfaces: therefore by 
Ex. 20. p. 33., we have 





x $3 
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surf. gen. by Qr_ 2r.QM.Qr __ ox 
“surf. gen. by PL 2r.PN.PL 


Incr. Iner. 


surf. gen. by Qr_ 
surf. gen. by pl 





*, limiting value of —— 


But the surface generated by the arc PQ is obviously 
greater than the surface generated by r/J, and less than that 
generated by Qr; therefore a fortiori 


surf. gen. by PQ 
surf. gen. by Pl 
Incr. ous 


limiting value of —— 
Fs y° Incr. s 


limiting value of ——,. =], that is, 


Now since S is some function of s, at the same time s is 
some function of 2, therefore when 4 or NM approaches 0, 
Incr.s as well as Incr. S approaches 0; hence the limiting 





value of Incr. § is as 
° Incr. s ds’ 
1 dS 


gee Sel, or Sm Ory 
ee Qary ds”? ds — TY, 


a aS=2ry 41+ (4 YY \ dx . 


by substituting the value of ds. 


Hence by integration, we have 


=2xfy{i+(7 Y)* Var... (2) 


11s. The differential expressions contained in the two 
preceding articles admit of taking the following forms. 


Thus in eq. (1) Art., 116. since sy?=area section Pp, 


.. av or element of the solid=arca section Pp x dz. 
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And in eq. (1) Art. 117., since 22y= perimeter section P p, 
.. @S or element of the surface=perimeter section Pp x ds. 


Now it is important to observe, that the reasoning, em- 
ployed in establishing these results, holds true whatever may 
be the form of the section Pp of the solid, provided that all 
the sections parallel to Pp are similar figures, or otherwise 
that they may be expressed by the same general equation. 


EXAMPLES. 


1. To find the volume and surface of an c 
upright cone. : 
Let AD=r, DC=a, CP=z, and KP=y; 
then 
AD: DC:: KP $ CP, that is 


e ee Ue 
r.@.e.y a <= 3 


22 2 
2. vanfypde=nf 2" = re 


and c=O, since v=0, when x=0; 








ra ; 
Let x=a; .*. whole cone caB=~ 3 =} cylinder of the 
same base and altitude. 


Tx 
To find the convex surface, we have y= ru 


. ty’ 
(3 —~@P 
4 24 ¢2)h 
= s=2nfy{ i+ (3) } dy =P OOTY fade 
_ar(a?+r?) ix? 


a? 


and c=0, since S=O, when z=0. 
Kk 4 
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Let x=a; .*. convex surface cone CAB=a7r(a?+ 72) 
=1 circum. base x slant height ac. 
2. To find the volume and surface of a sphere. 


Let cn=2, An=y, and the radius of 
the sphere =7, then 


y?*=2ra—x?... (1) 
“e venfydr=t f/f (2rxa—2x)dx 


=1(r2z?—12x")+c, and c=0, 





. 
» 
. 7 
“teaeese” 


.. solidity segment acB=xx*(r—i2). 

Let rz=2r; then whole sphere = 427r2(r—2r)=427%. 
But the solidity of the circumscribing cylinder =2ar° ; 
.. solidity sphere =2 the circum. cylinder. 

To find the surface, we have by ee (1) 


dy r—@ (r—a)? 7? 
te Granat +) “sane 


“, S=2r y{1+(4 "VV ae= 2nfy.< ~dx=2arx+cC, 


and c=0; .°, surface segment ACB=2zrz. 
Let x=2r; then surface whole sphere =4rr?. 
Hence the surface of the sphere is equal to the convex 
surface of the circumscribing cylinder. (See Fx. 20. p. 33.) 
8. To find the volume and surface of a paraboloid aBD, 
generated by the revolution of the para- D 
bola ADB about its axis mD. | 
Let Dm=a2, and am=y ; 


then y2=4azr ... (1), 


.. volume ABD=2/y*dr=a f4ardx 
=2rax?+0, and c=0, 





. Volume ABD=2raz?=4}07y*x=3 area 
base x perpendicular height. 
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To find the convex surface, we have by differentiating (1), 


dy 2a . dy\? az _2t+a. 
dx y’~* 1+ ax =1+% en? 
me s=2nfy{1+(5 a }ae= nee 
=Snal(r+a)P+o, ‘ ae | 


1 3 
and S=0, when z=0; .*, c= —§zxa1a?; 
$ 3 
”. surface ABD=§7a? {((x+a)?—a}. 


4. To find the volume of a prolate spheroid, formed by 
the revolution of an ellipse acBD about 


: , ee 
its Major axis AB. , TT! 
Let GE=a, and EF=y; . B® 
D Q 


2 
then pao a?— x?) ; 


2 
°. V=afydr=r “(a?—2)de 


b2 
= arr—= ) +c, and c=0, 
wb2x 2 
.. volume gen. by crqp=""(a?— z ; 


when 2-=GB=a, then volume CDB=2762a, and whole solid 
== 4nb7a 
omen e 


Cor. 1. Comparing this with the expression in Ex. 2, 
sphere on major axis ; prolate spheroid :: a? : 62, 


5. To find the volume of an oblate spheroid, formed by 
the revolution of an ellipse ACBD about its minor axis cp. 


(See last jig.) 


x 5 
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In this case, let Ge=y, and EF=a2; then 


a? 
=", (ay) ee y= 53 (B—2?) 5 


a? ra? x5 
- = 2 2 oe eae 2m _ 
1. ve0f G@—2)de= g(a 3) 


taking z=, and doubling the result, we have the whole solid 
—ta2aq2b 
3 7A . 


Cor. 2. Comparing this with the expression of the last 
example, we find 


prolate spheroid : oblate spheroid :: 6 : a. 
6. To find the surface of a prolate spheroid. 


Adopting the notation and figure of Ex. 4., we have 


dy\2% q2—erx? 
1+ es a see Ex. 4., p. 195. ; 


is s=2nfy{ 1 + (4) } ane -x) dx 
=" 4 “(2 2)’ +% sins © ; 
a 


by Lx. 3., page 156. This is the expression for the surface 
included by the ordinates Cb and FQ. 





Making x=a, and doubling the result, we obtain 
surface whole spheroid= ae fe(1 —e2)?+sin— ae 


7. To find the volume of a cir- 
cular spindle, formed by the revo- 
Jution of the arc HLQ about its 
chord HQ. 

From 0, the centre of the circle, 
draw OIE perpendicular to the 3 
chord HQ; let OE=r, 01=c, 1m “to 
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=GD=2, Dm=Gi=y; then op’=Gp?+ 0G, that is, 
r=ri+(y+e)*; 
we Yar? —c? —x?—2cy; 


. Venfyrdx=nf(r?—c? —x?—2cy)dx 
arf (2—02)e— 2 —20/ydz } 


=7 { (r2—c?)r—* 20 (gen. area ImDE) } +C, 


and C=0; which is the volume of the frustum cenerated by 
the revolution of ImDk, and this being doubled will give the 
expression for whole frustum ABCD. When z=1Hh, the 
volume of the semispindle HEF=2z {41H°—Oo1 x area 1HE}. 


8. To find the volume of a parabolic spindle, formed by 
the revolution of a parabola HEQ about its ordinate HQ, 


taken perpendicular to the axis Fo of the curve. (See last 
fig.) 


Let Im=GpD=2, Dm=Gi=y, I—E=b, and 1H=/; then 


GD*?=4a X EG, that is, z7=4a(b—y) ; 


oy? =r TAT (4ab— nym a"); 


“. Vr ydra reg f(P-2*)de 


ee 4 _ 2x3 =} as 
ran Me ee +c, and c=0, 


which is an expression for the volume of the frustum gene- 
rated by the revolution of impr. When r=/, this expres-— 
sion gives the volume of the half spindle HEF ; hence volume 
half spindle HEF = gai at ater lB, eliminating «? 


by means of the equation to the curve. 
K 6 
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9. To find the volume of a conical solid, the base being 
any given curve. (See fig. p. 199.) 


Let cP=2z, CD=a, A==area base AB whatever may be its 
form, and A,=area section KV; then, from the similar 
figures, we have 





A__AB?_cp?_ a? | " _ Ax? 
A, Kv? cp? g? °* “'™ q2? 
: Ax’dxr 
.. Art. 118., dv or element solid=a,dxr= ae 


A Ax 
ae vat, furde= 3q2? 


when z=a, volume aBC=} aa=area base x } altitude. 


10. To find the volume and surface 
of a groin, formed by the intersection 
of two semicircular arches with each 
other. 

Here all horizontal sections, such as 
cDNP, will be squares; the vertical 
section, APQMG, parallel to the line 
KR, will be a semicircle; and if am 
be a vertical line, ArQm will be a quadrant. 

Let AN=2, NP=y, AM=MQ=aQ;; then the generating area 
CPDN=cpD’?=4y’ ; therefore, Art. 118., dv or clement solid 
=generating area x dx=4y*dx=4(2ax—a2)dz ; 


v4 (2ar—2)de=4(a0t—* ), 


which expresses the volume of the part acp. When xr=a, 
the whole volume =§a3, 





To find the surface. Perimeter section coDN=8NP=8y. 


.. dS or element surface=perimeter section CDN x ds 


adx 
=8y x oy = 8adz, see Ex. 3. p. 195. 
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-. S=/8adxr=8ax + (const.=0), 
when x= a, the whole curved surface =8a?. 


11. To find the volume and surface , 
of the solid OMBL, cut off from a right 
cylinder, by a plane OMB passing 
through the centre x of the base, and 
inclined at an angle a to the plane of 
the base oML. 

From x draw XL perpendicular to 
Om, and let CDEF be a section perpen- 
dicular to the base, and parallel to om; then CDEF will be 
a rectangle, and we may regard the solid as being generated 
by the motion of this rectangle parallel to itself. 

Let XG=2, XO=XL=XM=r7; then Cr=20G=2(r?— x2) 
and GH or CD=2 tana; 





1 
-. area gen&. rect. CDEF=CF . CD=2(r?—z’)!zr tan a ; 


. dv or element solid=2 tan a(r?—x?)! xdz, 


SS 
t 
”. V=2 tan af(t—a)hade= — (atic; 


2 tan a 23 


and v=0, when x=0, .. O=— 3 +, 


2 tana 


os C= -—- ; 


3 
2 tan & 9 9\3 
.. V or volume OCDEM=> 3 {73 — (7? —x2)2} . 





2 tana.r 


When x=7, the whole solid oLBM= 3 . 


To find the convex surface. Here the generating line is 
3p: putting s, therefore, for the arc oc, 
rdx 
> 


(2a)! 





ds or element surface=cp xds=2 tanax 


206 INTEGRAL CALCULUS. 


-, S=z7r tana >a —?r tan a(r? — 22) +0, 
Pe— XL 


and s=O, when r=0, .*. C= 7? tana; 





.. 8 or surface OCD=r tana {r —(r2— 2?)} : 
taking x=7, and doubling the result, we find the whole con- 
vex surface OLBM=2r? tan a. 


12. To find the volume of a cylindri- 
cal ring, formed by the revolution of a 
circle, whose diameter is AB, round Oo 
as an axis. 

Put 2r=aB, the diameter of the re- 
volving circle, and b=the distance of 
the centre of this circle from o. 

Conceive a horizontal section to be made, passing through 
the centre of revolution 0, and dividing the ring into two 
equal parts. Parallel to this plane, and at the distance 2 
from it, let another section be made; then this section will 
form a plane ring, whose half-breadth we shall represent by 
y, and therefore its area=a(b + y)?—«(b—y)?=4 by; 





.. dv=gens. area x dr=4rbydz, 
r 2 
. V=4rbf ydr=4nb x a = 7?r2b, 
0 


which is the volume of the half ring; therefore the volume of 
the whole ring =22?r-b. : 
13. To find the volume of the 
solid formed by the revolution of 
the cissoid about its asymptote LC. 
Taking B as the origin, let 
BQ=NP=2, QP=BN=Y, OB=2r. 
The equation of the curve, given 
in Art. 23., may be thus expressed: 


npr O™ ae! OB—BN)? 
BN : 


BN 





PULAK UO*UKULNA'LES. YU 
~ ¥)3 
that is, nar (1). 


By the formula of parts, 
v=nfyde=ry'x—2r fxydy ; 
but from eq. (1), ry=(2r—y) (2ry—y?)}, 
. faydy = f(2r—y) (Ary —y? yidy 
=(r—y) (2ry—y?)}dy + rf(2ry—y? dy 
=}(2ry—y?)i+r(cir. area BNK) ; 
2. Ven (yx—2 (2ry—y?)}—2r(cir. area BNK)! +¢, 
and v=0, when y=2r, .°, O= —2ear (cir. aps BKO)+C; 
° Var {1 (2ry—y?)2+ 2p (cir. area NKO)} ; 
when y=0, the whole solid =2zr(area semicircle B KO) 


2 
YS 
= 2n7r x = rr, 


POLAR CO-ORDINATES. 


119. Let arq be a curve referred 
to polar co-ordinates, the origin being 
at S; on S as a centre describe the 
circular arcs re and Qq 

Let sp the radius vector = 7, 2 ASP 
=6, area ASP=A, and AP=sS, 
then Qe = incr. r, Z PSQ = incr. 6, area 
SPQ= incr. A, and PQ= incr. s. 


area SGQ__8q?__ { 7+iner rls { ' incr, r)? 
area SPe sp? r r : 





e ee area S : 
.. limiting value of 7Q_, : 
area SPe 
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now area SPQ is greater than area spe, and less than area 
8qQ; therefore, a fortiori, 





. . area SP gees incr. A 
limit shied) or limit esi _—_ = 
area SPe + 7? ier. 6 
. dl da 72 d6 
ee T7? e den or da= D} eee (1), 


which is the differential of the area ASP. 
By Art.115., ds= V dx? + dy? ; 
but SN=spP.cos 6,and NP=SP.sin 6; 
that is, z=r cos 6, and y=r sin 6; 
differentiating these two equations, we have 
dzx=dr cos §—r sin 6 d6, 
dy=dr sin 6+rcos 6d6, 
squaring and adding dx? + dy?=dr?+ rd 6°, 
w. ds=V dr? + r2de?... (2). 
This result may also be proved after the method of limits. 


120. These, as well as other important formule, may be 
readily derived by the method of infinitesimals. 


Let, as in Art. 56., p. 86., PQ=ds, Qe=dr, Pe=rd6; then 
da=area SPQ=48P.Pe=}r.rdé=}r'dé, 
ds=Pq= VQe+Pei= Vv dr? +r2dé?. 

Let fall sy perpendicular to Qr produced, and draw sk 

perpendicular to sp; then, when PQ is infinitely small, pK 


becomes the tangent to the point Pp, and sk 1s called the 
polar subtangent. Put sy=p, and 7 SQp or 7 SPK=9; then 


: Pe _ rdé 
§1n P= pq ds. ese (1), 
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tan paren. . (2), 
2 
p=8Y=r sin gaa! soe B)s 


lar sub ange ak) 
polar subtangent = Ssk=r tan g= ay a 
EXAMPLES. 


Polar Areas, &c. 


1. To find the area of oF P in the common parabola, the 
focus F being the origin. See fig. p. 15. 





2a a 
By Cor. Art. 19., T= I+cos6 6 ; then by (1) Art. 119. 
>1d6 
A=} nde=arf 2 F 
“cost 9 


=a f (1 + tan?) i Fou ef (tt tantg aan 5 
"5 


6 1 6 
of9 ~-+= tan’ — 
=a (tan 513 tan in 
2. To find the area of the spiral of 
Archimedes. 


a 
By Art. 26., ae ed ° 6, 


“, A=t/7r'dé 


a? ‘f 293 
= gnJedb=s7 a 3a) 


when the radius vector op has made one revolution, r=0a 


=a? 
=a; .. theareaOPQA= . 


as 
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3. To find the area of the lemniscata of Bernoulli. 


Here the equation to the curve is r?=a@? cos 24; 


2 2 
are a=}/r°di=z feos 20d0=— sin 26+(const.=0). 


If @=45°, then sin26=1, .. 3 } lemniscata=%,, and whole 
area =a@?, 

4. To find the length of the spiral of Archimedes, the 
equation being r=a @. 


By eq. (2), Art. 119. 


2 5 t 
fo J { po (3) Vae= : fr?-4.a2)' dr 
5 (P+ait5 log {r + (7? +a7)3} +6, 


by Ex. 2. page 155. When r=0, s=0, .*. O=5 log a+o, 


.". the length of the arc from the origin is 
r(r?-4a2)i r+ (72+ a?)h 
canal nih +5 log ———____— 
: 2a a 
5. The equation to the hyberbolic spiral is 7 0=a. 


Show that the area swept out by the radius vector from 
0 tor is } ar. 


6. In the logarithmic spiral r=ae™ ; show that 
— yyn2 ie. 
s=(1+m je 


7. The curve represented by the equation r=a sin 30, has 
six identical loops formed about the centre of a circle whose 
radius is @; show that the area of one of these loops is 

1 2 
> 7 TO”. 
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Polar Tangents, 5c. 


8. To draw a tangent to the spiral of ECHR: 


Here ray . 9, and by (4) Art. 120. 


dé 22 = Qrr? 
lar subtangent =—7r?. —-=r?,.— =——. 
pola g i i ee . 
When r=0A=a (see fig. to Ex. 2), the subtangent at 
A—2ra=the circumference of a circle described with the 


radius OA. 
9. In the logarithmic spiral r=ae™; 


. dr=mae™d6, and oe 


dr mr’ 
dé r 
polar subtangent =r? . a 
dé_ 1. 
By (2) Art. 120., tang=r. en? 


hence in this curve the tangent always makes the same angle 
with the radius vector. 


By (8) Art. 120., 
ds _ 7216 
P= "ds a dr? + 72d + rdg? Vv ( aye 
— r 
Vm meee 


10. In the hyperbolic spiral ré=a; 


.. dr§+ rdé=0, and ie 2s 
dr or 


dé 


.. polar subtangent=7? . dr —rd=—¢ 
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a constant quantity ; hence the locus of the extremity of the 
subtangent is a circle whose radius is a. 


11. Show that the subtangent to the lituus is 0, the 


equation of the curve being r?0=a. 
12. In the lemniscata of Bernoulli, the perpendicular p 


. 7 
upon the tangent 1s ar 


RADIUS OF CURVATURE. 


1Z1. Conceive a fine cord, fixed at one extremity, to be 
gradually unwound from the 
convex curve BOO, then the 
extremity B will describe a 
curve BPV, in which every 
successive portion will be swept 
by continually increasing radii WA fo 
op, or, &c. Ifere oP is called 
the radius of curvature to the point P, and o the centre of 
curvature. The curve BOO, which forms the locus of the 
centres of curvature, is called the evolute; and it is obvious 
that the radii of curvature are all perpendicular to the curve, 
and at the same time form tangents to the evolute; hence 
the direction of the curve at P is always perpendicular to 
the direction of the evolute at o. Hence, also, if any two 
points be taken, on the curve BY, infinitely near to cach 
other, then the lines drawn perpendicular to the curve at 
these points will intersect in the centre of curvature. 

As a further geometrical illustration of the principle of 
curvature; let different circles be swept so as to touch the 
ellipse ABA‘’B’ in the point B (see fig. p. 216.); tthen so 
long as the circles fall within the curve of the ellipse on 
each side of 8b, the radius of curvature at B must be greater 
than the radius of any of these circles; and, on the contrary, 
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when these circles fall without the ellipse, the radius of 
curvature at B must be less than the radius of any of these 
circles. Hence the circle of curvature is that circle which 
is intermediate between those circles which fall within the 
curve and those which fall without it. 

122. Let pc and qc be two normals to a curve at the 
points Pp and Q; PT and QT’ tangents 
to these points. Let an=az, NP=y, 
s= the length of the arc BP, c= the 
chord joining P and Q, ZPT x=), 
ZQT’ #=yY’, and r= the radius of 
curvature at P, which, from what has 
been explained, is the limiting value 
of PC as PQ approaches o. 





e e,@ e€ 
eo Shain 
(1\ R= the limiting value of Fe 


For by simple algebra and trigonometry, we have 


Cc c sin Cc 


c sinc’ c 
PC sinc 
SINnPQC Cc. 
Now as the point Q approaches P, the 7 PQc will approach 
nearer and nearer to 90° or ; as its limit; therefore the 


limiting value of sinPQc is 1: and moreover, by (17) 


Art. 28., the limiting value of al ; therefore the limit- 


c sso degi 
ing value of a the limiting value of rc=R. 


(2) Conceiving the point P to move to Q, then 


PQ= incr.s, and ¥’— y= incr.y. 
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Since Z P and 2 Q are right angles, 
LO=LTIY, but /W—Y=ZTITY, 
“. LO=y—yP= incr; 
hence, by simple algebra, we have 


incr. _ Zc c Oe 


ae 
——— 


incr.s  incr.s incr.s' /C 








Now as PQ or incr.s is diminished, the limiting value of 
incr. incr.y 3 a 


ors de? ; from what has just been proved, that of re is 





R, and that of — ; 38 1, by Art. 144.; hence we have 
dy 1 
* (1). 


Let us now proceed to find R in 1érms of x and y. By 
Art. 32., we have 


tany= -. Y=tan- 1%, 


therefore, by form (3) Art. 58., 
y 


| + €: 
a -d 
4 “a( da? + dy? oe 


tO A (Y. 
~~ ds? * (): 


therefore, substituting in (1) we have 
1_ay 
R ds 


= 4 (Z)-.-@ 


ww ee i" 
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If x be the independant variable in this expression, then 
1_dx? Py dx cnet 








R ds dx ++ (8)5 
sé eee 
“B= Taig dat Ey)t : 
Cos f+’) 
= 24 wee $f 
oa) 3 


When the equation of the curve is given, the radius of 
curvature, to any point in the curve, may be found from 
any of the last three formule. In the following examples, 
formula (4) is only employed. 

EXAMPLES. 


1. To find the radius of curvature of the parabola. 


Here eran and y=2a‘zt, 


dy _ htt 

= gh 

d’y 4-3 a 

—%.— —1 —_—- 33 

and 7 3=— 20E F=— 5 3 

: dy\* __@+a 7 
114 (225 oa (2) a8 


substituting these values in formula (4), we have 
g_(2@+2)> | a_ A(a+z) 
~~ gs "43 a” 
_2(a+2)! 


ae renee, at 


Cor. When 2=0, R=2a; that is, the radius of curvature 
at the vertex is equal to twice the distance of the focus. 
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2. To find the radius of curvature of the ellipse aBa’R. 
Taking the centre © as the origin, 


Dv 





. 1+ Ora? ee =e where e?=—. a 
———___—__- = e* = —— 
+ a x?) at§—z?’ a 


2f2 
and a =7 ae aw ; substituting these values in the 
general formula (4), we have 

(a? —e*x?)3 ab? (a? foe e*z7)8 : 


P= (a_2yP (ay abe? 
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: _(at—eatyh 


a — 


* R= ab 

Let x and y be the co-ordinates of the point P in the ellipse ; 
draw PO’ perpendicular to the curve, or, what is the same 
thing, perpendicular to the tangent to the point P; take off 
po’=to the value of R above found; then 0’ will be the 
centre of the circle of curvature to the point P, and will 
consequently be a point in the evolute 00’z. In this way 
we may obtain any number of points in the evolute; how- 
ever, it should be observed, that its equation may be gene- 
rally expressed. 


Cor. 1. When x=0, c= a= a ; that is, the radius of cur- 


a? 
vature at B=ZB= }° 


(a2 — ea)? __ 6? 


Cor. 2. When x=a, R= TP = —; that is, the radius 


2 
of curvature at A=0 A= 


Cor. 3. Since zB is equal to the length of the evolute 

zo’o added to oA, therefore the length of the evolute zo’o 
a? & =a —B3 
=ZbB8—0OAz= yO = 


6 a ab 


The Cycloid. 
3. As this curve is not only interesting in itself, but im- 
portant in its application to mechanical science, we shall 
here notice some of its most remarkable properties. 





Let BP’Ps be the cycloid; LP’o the position of the gene- 
L 
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rating circle, LO being the diameter perpendicular to B’B; 
App the position of the generating circle when it has rolled 
over one half its circumference ; then ap is the diameter of 
the generating circle and perpendicular to BB’; hence B’B 
and AP are the axes of the curve; from v’ let fall P’m per- 
pendicular to ap cutting LO in Q, and the circle ApP in p. 

(1.) Since rm=0Q, &c., the triangles rump and oQr’ are 
identical ; therefore oP’ is equal and parallel to pp; and 
similarly Pp’ L is equal and parallel to pa. 

(2.) It has been shown (42. 5., page 113.) that P’L is the 
normal to the point P, and therefore or’R forms a tangent 
to the curve at p’. Hence we have the following casy rule 
for drawing a tangent to any point P’ in the cycloid: from 
Yr’ draw PM perpendicular to the axis ap,and from the point 
p: where that line cuts the generating circle on the axis, 
draw the chord pr, and through p’ draw op’R parallel to 
pi, and it will be the tangent required. 

(3.) Let Tr’ touch the gencrating circle OP’LA’ in the 
point 9’, then, from an obvious property of the circle, the 
tungent RP’o will bisect the Z MpP’T’. 

(4.) To find the equation to the cycloid, taking the 
vertex P as the origin. 

Since circum. semicircle ApP=AB, and arc Ap=arc LP’ 
=Lb, therefore, by subtraction, are Pp=AL=pP’p. 


Let rpM=2, MP’=y, AP=2r; then 
-yY=Mpt+P’ p=Mptare Pp; 


e bs Sor ee oe 
but arc Pp=r7 versin—! 7 and Mp= VAM. Mp=(2r2—2?)? 


Ar y=(2rz—22)8 +r versin—! = 3 





+ ays (r—2x)dzx rdx _ (2rn—2\hder | 
- (2ra—2)! © (2Qra—x?)? x : 


dy _(2ra—x*)* (1), 


Lx x 
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which is the differential equation of the cycloid, taking the 


vertex P as the origin. 


(5.) To find the length of the cycloid. 
— yp? 
1+ (2) = pom x a 


gt? 


, 2r\2 = 
.. S=PP “ft dx=2 / 2rax+0; 


and c=0, since s=O when x=0; 
”. are PP’=2 V2rz=2Pp . 


that is, the arc of a cycloid is equal to twice the chord of 
the corresponding arc of the generating circle. 


When x=2r, the arc of the semicycloid=47=twice the 
diameter of the generating circle. 
The rectification of this curve was discovered by Wren. 
(G.) To find the area of the cycloid. 
Here, by integration of parts, 
area PP’ M= f ydxr=yx—/f xdy 
=yx— f (2re—x*)*dx, by eq. (1), 
=yx—Ccir. area PpM. 
When z=27, y=AB=77, and cir. area PpM becomes area 
semicircle pPpa=3nr?; therefore area of the semicycloid 


PBA>=2rr?—A1ar?= far’, and area of the whole cycloid= 
37rr2= three times the area of the generating circle. 


(7.) To find the radius of curvature of the cycloid. 
By Ex. 5., p. 113., we have, 
dy _(2ry—y%)* dy\* _2r 
a oe 1+ = 


y poe dz 7? 
L 2 
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differentiating this latter result, we have, 


—2Y | op 
dy dy dz 2r dy. 


tae dat de? 
Ot a 
°* dx oy? 


substituting these values in the formula for R?, we 


have, 
2Qr\3 r\?2 
R= =") +(-3) =B8ry ; 
y y° 
*. R=2QV2ry=2V BD. BR=2PB (see fig. p. 21.). 


Hence it appears that the radius of curvature to any point 
in the cycloid is double the normal to the same point. Thus, 
in fig. p. 212., if BvB’ be the cycloid, and the lines Po the 
radii of curvature, then the axis BB’ will bisect all these 
radii. From this property it may readily be proved by 
common geometry, that the evolute BOO is a cycloid precisely 
tle same as the semicycloid BPV. 


4. In the cubical parabola, 3a2y=2°, and the radius of 


4 3 
eurvature pera? ° 
2a+zx 


5. In the rectangular hyperbola referred to its asymptotes, 


(a? +y2)i 
ry=m?, and R= Om?” 


6. In the catenary, y= 5 (e+e *), 


a ea 2 eS ce 
de He é ), dx? y® and a) a= 0,0 
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To express the limiting Value of the Sum of a Series in the 
Form of a definite Integral. 


123. The sum of a series may be expressed by placing the 
symbol = before its general term. Thus, if Az be put for 
the increment of the variable x, and f(x) Az for the general 
term of a series, we have 


Deters ee) Ant =f(a)dr+f(a+Ax)Ax+f(at2Ax)Ax 
+..+f(a+n—1Az) Az...(1), 


where = symbolises the word swum, and the general term 
f(x) Ax is the type of a series of terms, connected by the 
sign of addition, taken from r=a to r=a+(n—1)Az, the 
increment of x in passing from one term to the next suc- 
ceeding one being Az; hence we say that the whole symbol 
indicates the sum of a series taken between the limits r= a 
and a=a+(n—1)d4z. With the view of leaving the limits 
indefinite, in order that they may be assigned to suit the 
peculiar conditions of a problem, the sum of a series is 
sometimes simply expressed by = f(x)Az. 

In the curve agp let AM=a, AN=27, NP=y=/} (a). 
Let un be divided into 2 equal parts, viz.. Mr=rt= Xc. 
=Ax; and on these bases let rect- p 
angles be constructed as in the an- 
nexed figure. Then MN=z—a; 

r—a 
Mr or Des “. NAL=X—A. 


Also from the equation to the curve, o aos 
y=f(a), Me=fla) rs=f(atA2, a 
tu=f(a+2Az), and so on, the a Mr fang Ne 

(n—1)th ordinate gp>=f(a+n—T1 Az) ; hence area rectangle 
Qr=MQ.Mr=/f(a)Az, area rectangle st=rs. rt=f (a+Az)Aa, 
and so on; the area rectangie pN=gp . gN=f(a+n—1Azx)Az. 
Hence it appears that series (1) expresses the sum of all 

“3 
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the rectangles inscribed in the curved space MQPN. But 
since @ + (z—1)Az=AN—gN=2—Az, this series may also 
be expressed by &2-**f f(x)az}. 

Now, Art. 113. eq. (1.), the sum of these rectangles ap- 
proaches nearer and nearer to the area of the curve MQrNn 
as Ax is diminished, or, what is the same thing, as the 
number of parts m is increased. But, by Art. 113., arca 


Va 
MQPN=f f(x)dz; 


Ys f(a)de=limit of SZ“ Lf (w)ar}...(2). 


This theorem is very important as it regards the applica- 
‘tion of the calculus to mechanics, and indeed to almost every 
branch of general physics. 

The indefinitely small rectangles (or other portions into 
which we suppose the integral quantity to be divided) are 
called elements; thus the limit of f(x)Ax or f(x)dx is the 
element. Pr" 

124. As a geometrical illustration of this theorem, let 
AQP be a straight line (see the last fig.), and y= z its equa- 
tion; then we have for the sum of all the rectangles inscribed 
in MQPN, 

ot ea} Seen oe +(e—Ar)Axr 





=(a+2—Azx) ~~~ =, by summing the series, 
_ 2 —a? eee Ave tm 
= ae ae since Ar= ee 

x? — a? 


= , when n=0; 


2 
which is the area of the trapezoid MQPN. 





Now we have also by integration 


2 a2 
area mara fi ae — 


which verifies the theorem in this particular case. 
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125. The method of dividing a quantity into elements, and 
then taking their sum, may be readily employed for finding 
expressions for areas, length of arcs, &c. For example, Ict 
it be required to find an expression for the volume of the 
solid generated by the revolution of the curve APQM about 
the axis am. (Sce fig. page 196.) Here, taking as our cele- 
ment the cylinder generated by the revolution of the rect- 
angle NMLP; then assuming that the solid AQ q is the limit 
of the sum of all the infinitely small cylinders into which we 
suppose it divided, and of which «y?Azx is the type or general 
form, we have 


limit ase {xy?ra} = af “ydL=V, 
0 


or the volume of the solid aq q. 

In all formule connected with the application of the eal- 
culus, it is important to observe, that the second, as well as 
all higher powers of Ax, may be neglected, since, when the 
limiting value of such formule is taken, any error arising 
from this source must vanish. 


APPLICATION OF THE CALCULUS TO MECHANICS, &. 
Centre of Gravity of Plane Surfaces. 


126. The property of the centre of gravity of any pliue 
surface MQPN(=m) is as follows (sce fig. page 221.): Let the 
whole area be divided into any number of parts; then, sup- 
posing the surface to turn about Ay as an axis, the sum of 
the moments of these parts is equal to the moment of the 
whole area considered as acting in its centre of gravity «. 
From this property the distance, Gm(=x), of the centre of 
gravity G from the axis Ay is determined; amd in like 
manner the distance, G2=yY, from the axis avr is determined. 

Let the surface MQrvn be divided into elements or indcfi- 
nitely small rectangles, as in Art. 123.; then the moment of 
any one of these rectangles will be its area multiplied by its 

4 
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distance from the axis of motion ay: hence, adopting the 
notation there given, we have 


moment element Np= area Np XAN* =2xyAz, 
.. the sum of the moments of all the rectangles Q7, 


sty... Np=lr* {xyAx}, where ry is some function of 2; 


but moment area MQPN=area MQPNXGM=M™.X, 
e e ie z 
. m.X= limit of > ae ayax}=f anydr, 
a 


by theorem (2) Art. 123. ; 
- ayde | .(1) 


x= ): 
m 

A similar expression may be found for the value of y; 
but one more convenient for calculation is determined as 
follows : — 

Conceive the surface ANP to turn about az as an axis; 
then the moment of any one of the rectangles Q7, st,..., Np, 
will be its area multiplied by the distance of its centre of 
gravity from Az: hence, if o be the centre of gravity of the 
rectangle Np, we have 

moment Np=area Np XOg=yArx ly=} y’Az, 


ax 
“. m. Y= limit of >7-** {haz} =1f y*dx, 
a a 


When am=a==0, then we have for the centre of gravity 
of APN, 
xydx 
Gm or x=‘~" mt (8) 





* Here awn may be taken as the distance of tle centre of gravity of 
the element np from the axis ay, since wien the limits are taken any 
error from this assumption vanishes. 
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he. 


fa. 1. Let age be a parabola; required the centre of 
gravity of ANP. 


and Gz or y=4 


Here y?=4az, and by Ez. 2., Art. 113., 
m= area APN= 2xy= 4 ax, 


therefore by formula (3), 


Ss xydzx F*& Qarxidx 





Gm or x= 
tai 
1 5 
4 DY 64 
__ 5are"_ 3, 8 
Barx2 


Also from formula (4), 


ae Bice 4axdx 
Eee ere 


5a $33 


Gn or Y=}. 


= ta ANP. 


2. Let ANP be a portion of a circle, AN being a line pass- 
ing through the centre. 


Here y=(2ax — a2) is the equation to the circle, 


ee S “xyde= f “2(Qax— 2*)*de 
0 0 

= —f (a-2) (2ax—a)hae+ f a(2ax—2%)tdx 
4a 0 


= — 4 (2ax—22)3 + a. circ. area ANP; 


0 Mi a _ —}(2ax—x8)t + a. cir. area ANP 


e — 
. a cir. aren ANP 


usb 
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_ —(2ua — 2x?) ts 
~~ 8 cire. area ANP ~ 


Sf “ydx Sf “(Qax—2?)dx 
Also Y=i. = t Seat 


ax? — 1 x 
92 cir. area ANP’ 


4a 
When x=a, ANP becomes a quadrant; then k=a— 


da 
and y= 30" 


Centre of Gravity of a Solid of Revolution. 


127. Conceive APN to revolve about the axis aga, then 
the solid that will thus be formed will obviously have its 
centre of gravity somewhere in the axis ax; Ict m be the 
centre of gravity, put Az=x, and volume solid—=m. Now 
regarding the solid to be made up of a series of cylindrical 
lamin, formed by the revolution of the infinitely small 
rectangles Q7, sé,..., NP; the moment of the whole solid, 
supposed to turn upon ay as a fulcrum, will be equal to the 
sum of the moments of these cylindrical laminw. But the 
moment of the cylindrical lamina formed by the revolution 
of NP = solidity lamina x AN=77y*Ar xv=ryPA2 ; 

.. sum of all the moments of these laminz 


ww 7 . 
=>" {zy®xAzx}, where y°x is some function of z ; 
Qa 


T— Ar oF 
o MX= z. {ay*xax} =«f y’xdx, 


af yrxde 
ee X= _— ... (1). 


mm 
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Ex. 1. Let the body be a segment of a sphere: 
y?=2ax—x?; 
shen, integrating between 720, and x=, we have 


x z nd 
Sf yadxz= CL cia a ae 
- A 3. 4 


and Ex. 2, p. 200., m=x(ax?—1'x3) ; 


Me a _ 7 gaas— tat) x(8a—3z) 
~~ g(ax®—Las) ~ 4(3a—z)" 





ee XS —AN=ZS ——_—_——— 


When the segment becomes a hemisphere, then x=a, 





5a 
and x= 5° 


2. Let the body be a paraboloid: 


y* =Aaz, 


f “yrede= f “4axtde=taz3, 


0 


and £z. 3. p. 200., m=} 2y?x = 2raz?, 


zx 
“f yradr ,  . 
c/o lone 


“X= x. 
m ~~ Qrax2 3 


Centre of Gravity of a Curved Line. 


128. Let arc QP=s, arc pp=Azr (see jig. p. 221.), the 
other notation being the same as in Art.123. Supposing 
the curve to turn upon Az as an axis or fulcrum, then the 
moment of the whole arc QP will be equal to the sum of the 
moments of the arcs Qs, sv,.... pp. Now the moment of the 
arc Pp=PN.Pp=yYAs ; 

.. sum of all the moments of Qs, sv, ..., pP=TYyAs; 
L6 
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. §. Y=limit of tyAs=/yds, 
i ya lS cee (1). 


fads 
eae (2). 


FEx.1. To find the centre of gravity 
of the circular arc DP. 


A 





Similarly, x= 


and pPz=s; then 


adx alr 
y?=a?— x, and ds= —= -—} 


(a? —2x?)} y” 


oe a ‘yas= fi “adz=az, . by eq. (1) : 
0 
0 : : 
hoa 
Ss — e 


y=*—-— 
s 








If nx be taken equal to pp, then the centre of gravity 6 
of the arc PDK must obviously lic in the line cp, 


ax ax2r radius. chord rk 


Paes Y=C Ga ——_——. OOo ee ss see eee J2an4 So 


25 are PK 





Acceleration of Motion hy given moving Forces. 


129. When a body descends freely by the force of gravity, 
the moving force is measured by the weight of the body, or; 
what is the same thing, by the pressure which it would exert 
upon any obstacle. If the resistance of the air be taken into 
account, then the moving force, at any instant, is measured 
by the weight or pressure of the body minus the opposing 
pressure or resistance of the air. ‘Uhus, therefore, moving 
forces are measured by the unbulanced pressure exerted on 


the moving body. In the case of gravity, the moving force, 


APPLICATION OF THE CALCULUS TO MECHANICS, ETC, 22 


. or pressure producing motion, being constant, the descending 

body acquires equal increments of motion in equal times. 

Let Pp and Pp, be the moving pressures exerted on two 
equal bodies, and f and f/ the increments of velocity which 
these moving pressures respectively produce in the same in- 
terval of time (P and Pp, being supposed constant during this 
interval), then it is determined by observation and experi- 
ment, that Pp? P,:: fif,, that is, the moving forces or 
pressures are measured by the increments of motion they 
communicate in the same time. 

Let the pressure P, be the weight w of the body, then f, 
will be equal to g (=821), the increment of velocity com- 
municated by gravity in one second, 


cP Wits Oye. a nas (1). 


For example, if f=ig, then pP=}w, that is, the moving 
force is one-half that of gravity. Now regarding the incre- 
ment of motion, communicated to a body by a moving pres- 
sure in one second, as the measure of that moving pressure ; 
let v be the velocity of the body acquired in ¢ seconds, the 
moving pressure at the end of that time being measured by 
Ff; and let Av and Af be the corresponding increments of v 
and fin the increment of time Af; then if the force f were 
acting uniformly for A¢é seconds, f/x At would be the incre- 
ment of velocity, andif the force /+Af were acting uni- 
formly for At seconds (f+A/f) Aé would be the increment of 
velocity ; and it is obvious that Av is intermediate between 
these. Hence as Aé¢ approaches 0, we have 


— (f+af at. wo ( Af) _ 

limit of FX At =limit of 1+%e a1, 

Sx At 
dv 

=l,  S= 3, 7 ee (2), 


‘N 


.. & fortiort, limit of 1, that is, 


1 dv 
Sf dt 
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Substituting this value of fin eq. (1) 


w dv a 
r= f= g a ) 


Let s be the space described in é seconds, and v the velocity 
acquired in that time; and also let As and Av be the incre- 
ments of space and velocity in the increment of time Aé. 
The space which would be described in A¢ seconds with the 
uniform velocity v is vAé, and that which would be de- 
scribed in the same time with the uniform velocity v+ Av is 
(v+Av)At. It is obvious that As is intermediate between 
these. 


Hence, as A¢ approaches 0, we have, 


limit of (OF Av)At imi it of +2 


e es « AS 
.. & fortiori, limi = i 
a fortiori, limit of ST Arm bs that is, 





1 ds ds 
a qa} Pa pe eee (4). 


Differentiating this equation with respect to ¢, we have, 
dv_ ds 
Gh de? therefore by eq. (2), 
dv_ d's 
f= = FE eee (5). 
Multiplying (2) and (4), 
fds=vdv, or fae .. (6). 


Substituting this value of fin (1), 


Equations (6) and (7) are generally most easily applied 
to the solution of problems. 
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EXAMPLES. 


1. Let the accelerating force be constant, as in the case of 
gravity. 
Here, putting g for f, we have, by eq. (2), 
dv=gdt ; therefore by integration, 
v= gt+C ; 
if =O when v=0, that is, if the motion commences with 
the time, then c=-0, and 
v=g@gi. 

By eq. (4), ds=vdt=gtdt, by substituting the value of 7 ; 

hence by integration, 
ge? _vt 
79" 

These results are the same as those derived in (15) page 
29. 

2. A body falls towards the centre of the earth; it is re- 
quired to find the motion of the body, assuming the force of 
attraction to vary inversely as the square of the distance 
from the centre. 

Let r=the radius of the earth, g=the force of attraction 
at its surface, a=the distance of the body from the centre 
at the commencement of its motion, and x=its distance at 
the end of ¢ seconds ; then 


ea | 
SG 2s oa a3 SHA 


substituting this value of fin eq. (6), observing that in this 
case s=a—2, and .°, ds=—dz, we find 


a 

r'gdx 

fale fg ~=tvdv ; 
x 

e 


* 
therefore by integration and reducing, 


2r°g 
( Ca ‘ 
x eo 
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The constant c depends upon the initial velocity of the 
body, that is, upon the velocity which it has at the com- 


mencement of the motion. Let v=0O when xr=a, then 0 
SED ic 
=F +03 
© ye 29209 _2rigfa—m) . 
e@ xr a ax 


When the body arrives at the surface of the earth, then 
x=r, and 
arg a—ry 
ae ay 2rg(a r) 
a 


Ifa be jnfinite, then —= 1, and 
oT J 2rg. 


Supposing, therefore, that there is no resisting medium, 
if a body be projected vertically upwards with this velocity, 
it would never return to the earth. Taking the radius of 
the earth to be 4000 miles, this velocity will be about 7 miles 
per second. 

3. To find the vertical motion of a body near the surface 
of the earth, supposing the resistance of the air to vary as 
the square of the velocity. 

When the velocity of the body is unity, let the resistirig 
force of the air be m, the accelerating force of gravity being 
g; then the resisting force of the air, when the velocity is v, 
will be represented by mv?; therefore the force accelerating 
the body when its velocity is v, will be 


fHg—me? ; 
therefore by eq. (2) we have, 


“nt 
9g eae Fe, 


dt 


a ae Ae ! ( . +, =r) dv; 


g—mo* 994 g) + nv g—m'v 
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$4 m3 
Gt+mv 
—— log {7 SOT 
FJmg © gt—miv 


“f= 





where the constant is 0, since v=0 when ¢=0. 


This expression determines the time in terms of the 
velccity acquired; and by an easy algebraic artifice, we can 
find, from this equation, the velocity in terms of the time. 


To find the space s, we have by eq. (6), 
vdv= f ds=(g—mv*)ds ; 


vdv 
. ds= 
g—mv 


vdv 1 
c- SF pee log (gy—mv*) +0, 


] 
and v=0, when s=0, ., O= 75 log g+¢, 








; lf, 1 
ae s=y) { log g— log (g—mo') } =5,, log 


g—mv™ 


Formule relative to Work done by a Variable Pressure. 


130. Let r lbs. be the variable pressure applied to the 
body when it has moved over x feet, and u the work done 
over that space ; then du=Pdz. 

Let Ax be the increment of space, corresponding to Au 
and Ap the increments of work and pressure respectively ; 


then Av will obviously be greater than Pp x Aa, and less than 
(P+ApP)Ax; but we have 


yp (PAOD IAD a5. AP) _ 
limit of > Ag limit of (1+5*)=1, 





e eo es e AU 
.. a fortiori, limit of ——~ =], that i 
J ) nee 1, that is, 


oh oe 
a) & 
RIG 


==[, ‘ctw du=Ppdr eee (1). 
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Or thus: suppose the piston of a steam engine to be 
moved from EF to pc under any variable pressure. 

Let 7=ap the total length of the stroke ; 
a=A¥ the space through which the steam t 
acts with a uniform pressure; P, = the / 
pressure at EF, where the steam is cut off 1 
from the boiler; zw=axk the height of the 
piston at KQ when P is the pressure of the ;|. 
steam; Axr=Kn” where nm is the position | 
of the piston indefinitely near to KQ; and 
U= the work done from EF to DC. 

Now suppose the pressure P to act uniformly through the 
small space Az, then Px Ag will represent the work done 
through this space, and 2rAz will represent the sui of all 
the elements of work done from EF to DC; moreover since 
P is always some function of x, we have by theorem Art. 123. 


}} 





al 
u= limit of prar=f PAR 53-4. (2), 


which is the same as the preceding expression. 


The work done from Ax to EF will obviously be repre- 
sented by ap, hence for the total work we have 


t 
vaart fe Pdz ... (3). 
Cor. 1. Let w be the weight of the mass moved, 
vw : F 
then oS 5, - (See “ Exercises on Mechanics,” p. 89 ) 


Differentiating this equation, we find 
du=™. vdv eee (4), 
g 
therefore by equating with (1) 


rdn= “edo -- (5), 
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which is the same relation as (7) Art. 129. 


Substituting in this equation the value of ds or dz ob- 
tained from (4) Art. 129., we find 


w dv 
car hee (6), 


which is the same relationsas (3) Art. 129. 


EXAMPLES. 


1. To find a general expression for the work done upon 1 
inch of the piston of a steam engine, when the steam acts 
expansively ; assuming that the law of Mariotte applies to 
the expansion of steam. 

Here, using the notation and figure of the preceding 
article, we have 


; ap 
By Mariotte’s law, p=-—, 
ar 


"ap, da 
*. jpdz= —. = aP, log x+C, 


hence by formula (3), we have 


I 
U,;=ar,+ f pdr=aP,{ 1+ log ae 


2. Let w Ibs. be the weight of a railway train, v- its ve- 
locity in feet per second at the moment the steam is turned 
off, g the coefficient of the friction of the rail, » Ibs. the re- 
sistance of the atmosphere to the whole train when the speed 
is 1 foot per second. Required the space which the train 
will move over before it stops, &c. 

In this case we shall employ formule (5) and (6). Let v 
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be the velocity of the train when it has passed over zx feet, 

then the retarding force or pressure at this point is 
P=—qw—pv*, 

therefore by formula (5) 


—(gw+ pv?)drz= _ . vdv, 
@ 


= ea A ; vdv 


9 gw +p” 
hence by integration, we find 
zs 
z= my r log (gw+pv") +6, 


and since r=0, when v=v, 


Ww 
 O=—-; rv log (qw +pv?) +c, 





.. of w+pr? 
t=5-— ) 
Ps Pg. 2 qw+pv? 
which is an expression for the space moved over when the 
velocity is v». When v=0, that is, when the train comes to 
a state of rest, we find the whole space moved over to be 


Ww pr, 
_-—]loer ] 
2P9 108 { tow 


To find the time 4 we have by eq. (6) 





—gw—pe=™. dv 
g dt’ 
° Bp ee ae aie ae 
oe g  qw+put pg YW aa 
P 
ga peso we . tan! A/ Lo+6, 
pigg qw 


by forms (c) page 139. 
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When ¢=0, v=v, and 


4 Sd 
= Ose = tan Pots 


Pigg ae 


1 —_ 2 ae 
” t= we f tant /-?- n—tan-!, /P. of, 


which expresses,the time corresponding to the velocity v. 
- When v=0, that is, when the train comes to a state of rest, 


w? Pp 
we find the. whole time to be —— tan! “— v,, 
POF a 





Centre of Gyration. 


131. It is shown in the Author’s “ Exercises on Me- 
chanics,” &c., p. 92., that the work accumulated in a rotating 
body is not altered when the whole mass is collected in its 
centre of gyration; and moreover that the work in any 
rotating particle is equal to its weight in lbs. multiplied by 
the square of its distance from the axis of rotation divided 
by: 2g, the velocity of a particle at 1 foot from the axis 
having a velocity of 1 foot per second. Let m be put for 
the volume of the body, w the weight of each unit, & the 
distance of the centre of gyration from the axis, Am the 
volume of any small particle at the distance 7 from the axis; 
then the weight of the whole body=wm, the weight of the 
particle Am=wAm, the accumulated work in this particle 


2 
oe , and the accumulated work in the whole body 





wmk? ; 
= og * therefore the work accumulated in all the particles 


composing the body may be represented by 3 zr2Am, 
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wmk? .. , ww 
. —— = limit of — fr7Am; 
29 29 
now since 7 is always some function of m, therefore by 
theorem, Art.123., and striking out the common factors, 


we find 


mk2=:limit of Sr?Am=/r2din ... (1), 
ee (2) 


where the limits of the integration are left to be assigned by 
the nature of the problem which may be proposed. 

The moment of inertia of a body is equal to its volume 
multiplied by the square of its radius of gyration. Thus 
if 1 be put for the moment of inertia, then T=mk? 5; and 
eq. (1) shows that the inertia of a body is equal to the sum 
of all the moments of inertia of the particles composing it. 

Hence if v be put for the velocity of a point 1 foot from 
the axis, the work accumulated in the rotating body 
weight x velocity? wm x(vh)? we? ‘ 

29 = 2 ~ 2g 


== 


EXAMPLES. 


1. To find the radius of gyration of a uniform rod AB 
revolving about its extremity a. 

Let us first solve the question without the aid of the 
calculus. 

Put a=the cross section of the rod, 
‘=a; and let an be divided into 2 cece bE 


al Db - a N B 
small equal portions, then = will be the 


mass of each, and their distances from a will be 4 = 


9 n > 
ol nl ; : ; 
wo therefore the sum of their moments of inertia 


will be represented by 
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(:)" a+ (7) a+ 2 al nl\2 al 
nn} °n \n) “nn a) Gt +(5) -n 


=a + {124224 wee $7? =a when n= «a, 


by (12) page 27. 

Now this is equal to the moment of inertia of the whole 
rod, supposing its matter collected in its centre of inertia, 
hence we have 

1=mkh?=alk? ... (1) 
) ale l AB 
. alk?=-_-,. 2°, k=—-==——,, 
3’ /3 V/f3 
which is the radius of gyration. 

Let the rod extend to the left of a, making Aap=aB; then 
if k, be put for the radius of gyration of the rod DB, rotating 
upon its middle point A as an axis, we have the moment of 
Inertia of the two parts AB and AD=2alk?, by eq. (1); 

and moment of inertia of the whole rod pp=2alk,? ; 

“, 2alk?2=2alk?, 
_ & _ pe 
~ /38 273 

Again, let AN=2, and the length of an indefinitely small 
portion at N=Az; then the volume of this small por- 
tion =aAwz, and the volume of the rod AN=az, hence by 
formula (1), 

ax x k®=limit of 2(2? x aAzx) 


= af “gidex = 
0 3 


x? 
e : oe a Sete 
Sik = thd ha, 


ite 
J3 J8 


ohh 


é 


when z=l, then k= 
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2. To determine the radius of gyration, &c. of a circle 
CDQ revolving about its centre O as an axis. 

In order to illustrate the process of D 
reasoning pursued in this subject, we F 
shall solve the problem independently 
of the general formula (2). : 

Here let us suppose that the circle 
is made up of a series of concentric Rk 2 
rings as ABFGR; put OA=2, AB=Agq, 
and OC=@; flies the volume of the ring ABFG=2(.1+Ar)? 
~ ee Deo, neglecting (Az)? according to Art. 125.; hence 
the moment of inertia of this ring =2? x (vol. ring) 2223 Az ; 
and as this may be regarded as the general type of the 
moments of every ring in the series making up the circle, 
the sum of the moments of all the concentric rings may be 
represented by 272 2°Az, 


e. I=limit of 27°72 Ax 
= afta +, 
taking this between the limits of a=a, =a, that is, making 


successively x=a, x=2, and subtracting, we find 


nas as _7 
ane aad 5 (a* x*) Save (1), 


which is an expression for the moment of inertia of the cir- 
cular ring BCDFQ. Let & be the radius of gyration of this 
ring, then 


= area ring x k?=a(a*—a*)k?; 


oo w(a?— 22g (ata), 


k= {h(a?+02)})... (2), 
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which is an expression for the radius of gyration of the cir- 
cular ring BCDGF. 

Making x=0, we obtain 

a 
k= 5 oe-aCe) 
which is an expression for the radius of gyration of the 
whole circle cnQ,. 
Making x=a in (2), we obtain 
k=a...(4)- 

It is obvious that these formulz will not at all be altered 
by supposing the circle to have any given thickness; hence 
formula (2) is an expression for the radius of gyration of 
the rim of a fly wheel, (8) that of a circular wheel of 
uniform thickness, (4) that of a circular hoop revolving on 
an axis passing through its centre and perpendicular to the 
plane of the hoop. 

If A be put for the thickness of a hollow cylinder, whose 
external radius is a, and interior radius 6; then by eq. (1) 
we have the moment of inertia 


=" (at—4)... (5). 


If 5b=0, then we have for the moment of inertia of a 

cylinder, 
rath 
—_— Q- eee (G) 

3. To determine the radius of gyration, &c. of a sphere 
revolving about its diameter. 

Let 2a be the thickness of a thin lamina, formed by planes 
perpendicular to the diaineter, a being put for its distauce 
from the centre of the sphere ; also let a= the radius of the 
sphere, and y= the radius of the thin lamina. Now, since 
this lamina may be considered as a thin cylinder, its moment 
of inertia =}7y42, by eq. (6), Lx. 2. But the moment of 
inertia of any zone of the sphere is equal to the sum of the 
moments of all such thin laminw making up that zone, 

M 
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r 
. I==limit of Z(}rytAx =f" ydx. 
0 
Now by the equation of the circle y? = a? — z?, 
rz 
rs r= of (a? — x?)?da=tn(atxz— 20°23 + 125), 
0 


which is an expression for the moment of inertia of a zone, 
whose breadth, measured from the centre of the sphere, is x. 


When x=a, we have the moment of the semi-sphere 
=,',na5; and therefore the moment of the whole sphere 


Strength of Matercal. 


132. When a beam AaB undergoes a transverse strain, by 
the pressure of a weight w placed 
upon it, the material on the upper 
side @d is compressed, while that 
on the under side a’ d’ is extended. 
That imaginary point 2 within the 
section of rupture ad, which nei- 





ther undergoes compression nor 
extension, is called the neutral axis of rupture. 

When the lower fibres of a beam are upon the point Fe 
yielding to the force of extension, at the same time that. the 
upper fibres are upon that of yielding to the force of compres 
sion, then (supposing the beam to remain nearly horizontal) 
the sum of the forces extending the fibres on the under side 
of the neutral axis are equal to the sum of the forces com- 
pressing the fibres on the upper side. 


Let d=the depth of the beam ; 
6=its breadth ; 
a, @ =the respective distances of the neutral axis froin 
the top and bottom of the beam ; 
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S/S, f,=the compressive and tensile forces respectively 
exerted by a sq. in. of the material at the dis- 
tances a and a, from the neutral axis; 

J=aB, the distance between the supports ; 
x=nHV, a Variable distance from 2. 


To find the Position of the Neutral Axis in Rectangular 
Beams. 


Assuming that the force with which a fibre resists com- 
pression or extension, as the case may be, is in proportion 
tu the extent of compression or extension of that fibre, hence 
we have 


fu 


compressive force per sq. in. at v=" Pe 


area of the element of surface at v= bAz; 


fir 


.. compressive force of the element of surface=" 
a 


= ee 
a 


K bAw 


.. sum of all the compressive forces 2” = rAxr 


®a he 
=—f rde= . 
ae}, 2 


fi ae 


Similarly we have 


sum of all the tensile forces =“ ’ fof xdix= 


But these are the only horizontal forces acting upon the 
fibres ; 


Soa aS, ba, 


Par ry) 9 s 


244 INTEGRAL CALCULUS. 


rae Jfa=f.a, eos (1), 


which expresses the relation of the distances of the neutra 
axis from the upper and under sides of the beam. 


Conditions of Rupture. 


Now when rupture is about to take place, the beam turns 
upon the neutral axis 7, as a fuleruin; hence the tendeucy 


r . » W 
of any fibre to resist the moment of the force tending tc 


5) 4 
rupture the beam, is the moment of the force of that fibre 
referred to 2 as the centre of motion. 


“. Moment of the element undergoing compression = 
force of the clement undergoing compression x its distance 


fb fb 
fe 


from the neutral axis =*---vAw x a= a, n2Ar ; 
C 


.. sum of all the moments of the forces of compression 


‘b b {4 bn 
a? = a- Ar eo ~f vd ad0@ een) 
a aS 3 


Similarly we have 
sum of all the moments of the forces of extension 
‘a as 
_fp _ fone 
— vr7dx= ee (3). 
a, e’0 3 
But the moment of the pressure tending to rupture che 


beam, is expressed by 5X5 Now this moment must be 
equal to the sum of the two moments expressed by eq. (2) 
and (3), 
wl fba® fha?_ ff 
og 37 tT 3 at fa} > 





but by eq. (1), fa=fa, 
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ne Le pee ta =a +a) =F, 
2. WHE on SSPE (4). 


Now j.éd is the direct tensile strength of the beam, there- 
fore the transverse strength of a beam, loaded in the middle 
and supported at the extremities, varies as the direct tensile 
strength, multiplied by the depth of the neutral axis divided 
by the distance between the points of support. 

Cor. 1. When the force f with which the fibres resist 
compression is equal to the force f, with which they resist 
extension, we have, by eq. (1), 

fa=f.a,, ate a=a,=td, 
therefore eq. (4) becomes 
2 fod? 
w= shai -.. (5). 


Cor. 2. If the beam is absolutely incompressible, or f=o, 
then a=0, and a,=d. In this case eq. (4) becomes 


4 f bd? 
wa tee cr (6). 


On this important subject, the student may consult Mose- 
ley’s “ Mechanical Principles of Engineering,” and Hode- 
kinson’s edition of ‘ Tredgold on the Strength of Materials.” 


THE END. 
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DUSTRIAL MECHANICS: a Sequel to Kkvercises on Mechanics and Natural 


Philosophy. With 200 WoOudcuts, ...... 0 cece ccc ce cect eens eecerneeeses dvo. 10s. 6d. 
TREATISE on the FIRST PRINCIPLES of ARITHMETIC, after the 
Method Of PestaloZgd oc iced Sat eee 8 hsb Nile dee Sia ies elite aid a ead ee wk Wh Sw es 12mo. 1s. 6d. 


COMPANION to TATE’S FIRST PRINCIPLES of ARITHMETIC: 
being a Treatise on the Higher Rules and Operations of Arithmetic ..12mo. Js, 6d. 


ALGEBRA MADE EASY, chiefly intended for the use of Schools. . 12mo. 28. 
KEY Tro TATE’S ALGEBRA made EASY; containing Full Solutions of 


the Unsolved Problems and Ikxamples in that Work. .............c0eee J2mo., 3s. 6d, 
OUTLINES of EXPERIMENTAL CHEMISTRY: Being a Familiar Intro- 
duction to the Science of Agriculture 2.0... cece cece eee tener ences 18mo. 9d, 
PRACTICAL GEOMETRY: containing the Construction of all the most 
useful Geometrical Problems, with their Applications, © ' the use of Drawing 
Implements, With 261 Woodcuts ........ cece cece eee eens Jsmo. ls. 


The PRINCIPLES of GEOMETRY, MENSURATIc N, TRIGONOMETRY, 
LAND-SURVEYING, and LEVELLING, Diagrams and Woodcuts..1l2mo. 3s. 6d, 


The PRINCIPLES of the DIFFERENTIAL and INTEGRAL CALCULUS 


simplified and applied. ...... cc. ccc cee ce cece ete te eee e nett ee eterenee 1lZmo. 4s. 6d, 
The FIRST THREE BOOKS of EUCLID’S ELEMENTS of GEOMETRY: 
With various useful Theorems and Problems .......... 12m0. ls. 6d. or in Smo. 9d, 


A DRAWING-BOOK for LITTLE BOYS and GIRLS: Containing upwards 
of 180 Drawing Exercises of Geometrical and Familiar Objects. .... Post 4to. 1s. 6d, 


DRAWING for SCHOOLS: Coens. Expositions of the Method of 
Teaching Drawing; an Explanation of the Practice of Model Drawing, after the 
Method of Dupuis; the Principles and Practice of Outline and Perspective Drawing ; 
and numerous Drawing Exercises ......0... ccc cece ecw cece ete e seen Post 4to. 5s. 6d. 


The LITTLE PHILOSOPHER; or, the SCIENCE of FAMILIAR 
THINGS: Ina Series of Instructive Reading-Books for Young People. ParTiV. 
The Natural History of Familiar Things, containing a concise Explanation of the 
Strudture and Classification of Animals; with 121 Woodeuts,.........0.6. Tomo. Is. 


TaTE’s LITTLE PHILOSOPHER, VOL. I. comprising the Chemistry, the 
Mechanics, and the Physics of Familiar Things, 3s. 6d, cloth; or 3 Parts, ls. each, 


An ELEMENTARY COURSE of NATURAL and EXPERIMENTAL 
PHILOSOPHY, Simplified for Beginners. Diagrams and Woodcuts, 2 vols, 18mo., 
price 5s, Gd. cloth; or in Seven Parts, price Ninepence each, as follows :— 


Mechanies and the Steam-Engine, 9d. Electricity for Beginners, 9d. 
Ast. “iy and the Use of the Globes, 9d. | Magnetism, Voltaic Electricity, and 
Ligh 1d Heat, 9d.— Hydroatatics, Hy- Electro- Dynamics, 4d. 

Aranlics, and Pneumatics 8a. Experimental Chemistry 9a. 
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GLEIG’S SCHOOL SERIES, 


New Series of Elementary School-Books ; each Book (in most instances) com. 
lete in itself, price NINEPENCE. Intended to comprise a complete Course of 
lementary Education. Projected and Edited by the Rev.G. R. GLEIG, M.A. 


Chaplain-General to Her Majesty’s Forces. Assisted by 


“WALTER M‘LEOD, F.R.G.8. | THE REV. J. HUNTER, M.A. 
WILLIAM HUGHES, F.R.G.S.| DR. R. J. MANN, M. R.C.S.E. 
MR. JAMES OWEN. PROF. R. W. BROWNE M.A. 


A. K. 18BIS TER, M.A. 
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ts New and improved Editions of the following Works may now be had. 


FIRST SCHOOL-BOOK to TEACH READING and WRITING......... 
SECOND SCHOOL-BOOK to TEACH READING and SPELLING . 
A GRADUATED SERIES of NINE COPY-BOOKS ................ each 
SIMPLE TRUTHS from SCRIPTURE ......... ie erteweaes 
EXPLANATORY ENGLISH GRAMMAR, 9d.......... : DEFINITIONS, 
HISTORY of the ENGLISH LANGUAGE ...... 00... ccc ce ww cece cacecees 
The CHILD’S FIRST GEOGRAPHY ........ eT ere ree er ee er ogee 
GEOGRAPHY of the BRITISH EMPIRE ..........cccccccccceccncscens 
GENERAL GEOGRAPHY, 9d......... QUESTIONS. ‘ON GENERAL 
GEOGRAPHY ...... Sax caterer 
HAND-ATLAS of GENERAL ‘GEOGRAPRY, Ey full-coloured. Maps, 


BOWOGs 28 Osis icca. cis oe re 60.04 bob one a c60eus 04 base ess ...-. half-bound 
CLASS- ATLAS of PHYSICAL GROGRAPH y, "30 full-coloured Maps, 

Sections, and Diagrams, sewed, 2s. 6d. .... 0.2... cee ween half-bound 
BOWMAN?’S Questions on M‘Leod’s Physical Atlas . Lpewieeesass Swine 
PHYSICAL ATLAS of GREAT BRITAIN and IRELAND, fcp. ‘4to... er 
SACRED HISTORY, 2s.; or in Two Parts ...........00cseees eevee. each 
HISTORY of ENGLAND, 2s.; orin Two Parts .........--...- oe. Gach 
HISTORY of the BRITISH COLONIES ........ cc cece ence cccescccccesees 
HISTORY of BRITISH INDIA .......... cece en ew eees Sr Shaie DENRA 
HISTORICAL QUESTIONS, Part I}. on the above Four Histories eee é 
HISTORY. Of FRANCE vice sineciue as ceded ale cus ow siatibees sane ee eeanes 
HISTORY of GREECK, 9d.........0 00 eeee es veeeee HISTORY of ROME, 
BOOK of BIOGRAPHY .........6--sceccecces Smee ee as Pee Tere Se Cen eee 
ASTRONOMY and the USE of the GLOBES vib Miate twee vers aeale Sowede asi 
NAVIGATION and GREAT CIRCLE SAILING, ..........002 cecceoeas 
ELEMENTS of EUCLID, 9d................. PRACTICAL GEOMETRY, 
ORTHOGRAPHIC PROJECTION and ISOMETRICAL DRAWING . 
ELEMENTS of MENSURATION, 9d. .......0.0e0e Pee eee ‘ Key, 
ELEMENTS of PLANE TRIGONOMETRY, ls hele wie, 4a Wie wd oie Wala Key, 
TREATISE on LOGARITHMS, with TABLES, ls. ............--.. Key, 
A MANUAL of ARITHMRTIC 2.2... . cece cece eee eeceene eT ee nae 
BOOK-KEEPING by SINGLE and DOUBLE ENTRY. ceive seweccces Seaiee 


A Set of Eight AccountT-Books, adapted to the above, price 6d. each. 
lr re of ALGEBRA, 9d. ANSWERS to peace in ditto, 3d. 
u BY consce re ree eee re ‘ sate nae ateale os 
HYDROSTATICS, HYDRAULICS, and PN EU MATICS . we b.N6 Kawa canecw 
The BOOK of HEALTH .... 2... cece cece eee ees Maeoes rere rr ° 
BOOK of DOMESTIC ECONOMY ...... ce cenn cece cece reccercsrenererenne 
BLECTRICUEY , Giles sis0i6.c6.00. 06 ion ieee ih acne see sces LIGHT and HEAT, 
MAGNETISM, VOLTAIC ELECTRICITY, and aataata DYNAMICS§, 
EXPERIMENTAL CHEMISTRY 3 winewccn ce cncn stew stcsecace ee ee ere 
MECHANICS and the STEAM. ENGINE.............0008- (ation Cuea wane 
NATURAL HISTORY for BEGINNERS, 2¢.; or in 2 Parts. 5 bwewe an each 
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